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Abstract

In this paper, we have studied the squeezing and statistical properties of the light produced by a three-level laser whose
cavity contains a parametric amplifier, and with the cavity mode driven by coherent light and coupled to a vacuum
reservoir. We obtain stochastic differential equations associated with the normal ordering using the pertinent master
equation. By making use of the solutions to the resulting differential equations, we calculate the quadrature variances.
We also determine the mean and variance of the photon number for the cavity mode by employing the Q function. It is
found that the parametric amplifier increases the degree of squeezing, while the driving coherent light does not have any
effect on the squeezing. Moreover, the mean photon number increases considerably due to the driving coherent light and

the parametric amplifier.
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1. Introduction

There has been a considerable interest in the analysis of
the squeezing and statistical properties of the light
generated by three-level lasers [1-20]. A light mode to be
in a squeezed state, if either the change in plus quadrature
or the change in minus quadrature is less than one, with
the product of the uncertainties in the two quadratures
satisfying the uncertainty relation. Because of a less noise
in one quadrature component, the squeezed states of light
have important applications in information processing
systems like quantum computations, photon detection,
and in the field of high-precision measurements [10 - 20].
A three-level laser may be defined as a quantum optical
system in which the injected three-level atoms in a
cascade configuration are initially prepared in a coherent
superposition of the top and bottom levels and coupled to
a vacuum reservoir via a single port mirror. When a three-
level atom in a cascade configuration makes a transition
from the top to the bottom level via the intermediate level,
two photons are generated. If the two photons have the
same frequency, then the three-level atom is called
degenerate three-level atom; o\herwise it is called
nondegenerate [3]. The two photons are highly correlated
and this correlation is responsible for the production of
squeezed light.

Three-level lasers in which the crucial role is played by
the coherent superposition of the top and bottom levels of
the injected atoms have been studied by several authors
[1-7]. These studies show that this quantum optical system

can generate light in a squeezed state under certain
conditions. Currently, Menisha [21] has studied the
squeezing and statistical properties of the cavity modes
produced by two nondegenerate three-level atoms, with
the cavity mode coupled to a vacuum reservoir. He has
shown that the maximum quadrature squeezing of the
light generated by the laser for 4 = 100 and x = 0.8, is
found to be 65.3% below the coherent-state level.

In addition, Fesseha has studied the squeezing and
statistical properties of the light produced by a degenerate
three-level laser whose cavity contains a degenerate
parametric amplifier [4]. His study indicates that a more
squeezed light could be generated by a combination of
these two quantum optical systems. On the other hand,
Alebachew and Fesseha [10] have considered the same
system with the injected atoms having equal probability to
be in the upper and lower levels and with these two levels
coupled by the pump mode emerging from the parametric
amplifier. This study shows that the system generates light
in a squeezed state with a maximum intracavity squeezing
of 93% below the coherentstate level.

In this paper, we introduce a model that generates bright
and squeezed light from a two nondegenerate three-level
atoms, in which the cavity modes contains a parametric
amplifier and with the cavity mode driven by coherent
light and coupled to a vacuum reservoir. We consider a
two nondegenerate three-level laser in which the pump
mode emerging from the parametric amplifier does not
couple the top and bottom levels of the injected atoms.
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Figure 1. Schematic representation of two nondegenerate three-level lasers.

The two atoms are different in preparation and injection
rate (see figure 1). In order to determine the squeezing and
statistical properties of the light produced by this quantum
optical system, we first derive c-number Langevin
equations using the pertinent master equation. Employing
the solutions of the resulting c-number Langevin
equations along with the properties of the Langevin
forces, we calculate the quadrature variance of the cavity
mode. Applying the same solutions, we also obtain the
antinormally ordered characteristic function with the aid
of which the Q function is determined. The resulting Q
function is then used to calculate the mean and variance
of the photon number sum and difference of the cavity
mode.

2. Stochastic differential equations

In this section we consider a two nondegenerate three-
level laser whose cavity contains a nondegenerate
parametric amplifier (NOPA) and with the cavity modes
driven by a strong coherent light and coupled to a vacuum
reservoir. The three-level atoms injected into the cavity
are initially prepared in a coherent superposition of the top
and bottom levels. As it is clearly indicated in Figure 1,
the top, intermediate, and bottom levels of a three-level
atom are represented by |a>, |b>, and |c>, respectively. We
prefer to call the light emitted from the top level light
mode a and the one emitted from the intermediate level
light mode b. We assume the transitions between levels
|a> and |b> and between levels |> and |c> to be dipole
allowed, with direct transitions between levels |ai and
level |ci to be dipole forbidden. We consider the case for
which the two cavity modes are at resonance with the two
transitions |@> — |b> and |b> — |c> having transition
frequencies w, and wy, respectively. The interaction of a
nondegenerate three-level atom with two-mode cavity
radiation can be expressed in the interaction picture with
the rotating-wave approximation (RWA) by the
Hamiltonian of the form [3]
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H =ig(|a)(bld~4" |b)al+[b) (c[o-b7[e)(bl) . (1)
where g is the coupling constant assumed to be the same

for both transitions, 4 and b are the annihilation
operators for the cavity modes.

The interaction of the driving light modes, treated
classically, and cavity modes is described by the
Hamiltonian [4]

A

H:igl(éf—é+5f—5) , 2)

where ¢ is proportional to the amplitude of the driving
light modes. In addition, the Hamiltonian describing the
parametric interaction, with the pump mode treated
classically, can be written as [10]

H:hn(é%*—éﬂ , 3)

where &, is proportional to the amplitude of the pump
mode. In this paper, we suppose the state of a single three-
level atom initially in the state

|w a(0))=Cala)+Cclc), 4)
and hence, the density operator of a single atom is
/3A(O):ng)|a><a|+pfgg)|a><cl+ (5)
(0) (0)

pQle)al+ pQe)el

where

p=lcal®>  and  p{=|cc|?, (©6)

are the initial probabilities of the atoms to be in the upper
and lower levels, respectively, and

O -cC; and 0 -c.C:, (7)

represent the atomic coherence at the initial time. We note
that

O]
pac

2 © 0

= Paa Pec (8)
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Following the straightforward procedure outlined in [4], the d ;- d p( ) 4
master equation for the cavity modes of a nondegenerate E<B> =Tr dt B (16)

three-level laser whose cavity contains a nondegenerate
parametric amplifier and whose cavity modes are driven by
a two-mode coherent light and coupled to a two-mode
vacuum reservoir can be written as

dp(t A A A B
%zsl(ﬁé—éf)-!—éfﬁ—ﬁéf +pb-bp+b7p—pb")
+£2(pab abp+ v’ p—pa o’ )

+1_A1pgg) 24" pa—aa’ p—paa’

2| +( M) +x)(26p5" - 665 57) ©)
1 Alpgg’)(z TobT b4’ p—pbTa )

2 +A1p( )(pra—pab—abp)

2 (2apa" -aap-pata)| |

where
A= 29 22ra ,
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is the linear gain coefficient, x| is a cavity damping
constant, and y; which is considered to be the same for all
the three-levels, is the atomic decay constant. In view of
eq. (9), we can also write the master equation for the
cavity mode in which two different types of atoms
injected at rates r, and r as

da(t) (ﬁé—éﬁfé*p_,sé/‘ +,.56-6,a+]

(10)

+_{pgg>(2af,3é—éa7‘,s—ﬁaa/‘)
+pl) (2807 - p575-575) an
_pgg)(zé/AB*_B/é/ﬁ_Ibeéf)
—pQ) (2654~ pab-abp)}
2apa/—a ap-pa a+2bpb/
2\b7bp—-pb™H ’
where
yl=e1+¢1 (12)
1 =&+E, (13)
A=A1+AL (14)
and
K=K1+K1 , (15)

3. C-number Langevin equations

We now seek to obtain the c-number Langevin equations
associated with the normal ordering for the cavity mode
variables. To this end, employing the relation [5]
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along with eq. (11), one readily finds the following
equations

d

e T
G0 == JeB) + 3 + 0 as)
%<32>:_ﬂa<a2>+v_<5 a)+2,1(8) (19)
R L R
%<éfé>=—ua<é7'é>+%v7<é/67'>+ o
v (ab)+ () +(a7))+ A
%(5f5>:-uc<6f5>+%m<6/a/> o)
v i) al(5)57)
%1<éf6>A:——(#aT#c)<éf6>+lv+<a72> 23
+Evf<b2>+;(1(<b>+<éf>) ,
%<é6>:—%(ya+uc)<é5>+—1/+<éfé> 24)
+%v,<b'f5>+ll<<5>+<é>)+_v+ ,
where
wa=x-pofd @
o=+ A0 6)
vo=2y2-ApQ) (27)
v =272+A0Y (28)

We note that the operators in the above equations are in
the normal order. The c-number equations corresponding
to eqgs. (17-24) are [2]

d

Loy =—Zuala) v (B )z 29)
%(;3);% y+= V+<0( b, (30)
Sl prefante) . o
%<,B2>_—,uc<ﬂ2>+v+<06*,3>+2}(1 B . 6V
d * * 1

ot
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d * * 1 * * * _1 * 1
i =— = —A-t A4t
dt1<’8 B)=ne(pB)r5v+(p"a") (34) qz(t)=220—/1+e2 2;—/;32 h (50)
+ovE <aﬁ>+;¢1(<ﬁ>+<ﬁ >) ,
t ! '
d 1 1 pr(t-t) fa(t)+] 4
A/ gL g\, L Fa(t)= j dt'
()Gl ) O Pttt L
a2 )egvi (%) e (0 (a7))
i Fb(t)_r {ql(t_t’)fﬂ*(t')j dt’ (52)
() =2 (a+ uc)ap)+ 5 a) a6 o |aa(t—t)fa(t) ,
1 * 1 -
+EV*<ﬂ ﬁ>+7‘1(<ﬂ>+<a>)+§” ! [ P
On the basis of egs. (29) and (30), we can write o1 (t) = 21 A (53)
* -1 '
L a(t) = -2 paa(t)+2v_p" (V) + g1+ fa(t) . GT) Ao [ A
dt 2 2 A+
d * 1 * 1 * * -
B )= Lucs” O+ 2via)s zar (5(1) LG9 - PN
dt 2 2 A —20_ 1 714
where f.(¢) and f3(¢) are Langevin forces the properties of " Fn —e “
which remain to be determined, a(f) and f(¢) are the c- £12 (1) =7 1 , (34)
number variables corresponding to the cavity mode _A-—2v- [1_ z;HJ
operators d and D . Making the use of egs. (29, 30), the L A ]
correlation properties of the Langevin forces can be 1
. *
readily put as [3] At = E{(ﬂa +ﬂc)i\/(ﬂa ~pe)’? +4v+0—1 »(55)
(Fa)={1s(0)=0 | )
(fa(t')fa(t))=0, 40)  A=vJA2+dvio_ | (56)
(1) tp0)=(fa(t)fa()=0 . @) Ar=Atl (57)
< fo (t) fa (t)> =Ap 52) S(t-t') (42) 4. Quadrature variance of the cavity modes
Here, we seek to analyze the quadrature squeezing of the
< f ; (t') f g (t)> -0 (43) two-mode light in the cavity. The squeezing properties of
’ the two-mode light in the cavity can be described by two
quadrature operators defined by [18]
(fa ()15 (O)=2ves(t-t) . (44) f
6+ =1 (c iré) , (58)
The results described by egs. (39- 44) represent the
correlation properties of the Langevin forces f(7) and f3() where
associated with the normal ordering. Following the .1/ b
procedure described in [20], the solutions of the coupled €= ﬁ(a"' )’ (59)

differential egs. (37 , 38) are given by
a(t)=p1(t)a(0)+q1(t)8” (0)+Fa(t)+e11(t) , (45)
B (t)=p2(t)8" (0)+qz2(t)a(0)+Fb(t)+e12(t) ,(46)

where
1 -1

Ay At AL st
put)="7e? —e? (47)
-1 -1
A — A4t A_ — At
p2<t):2—;e 2 —ﬂe 2 f (48)
2u_ _?lﬂ_t 20— _?114-1:
W= Tt “
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with & and b represent the separate modes of cavity light
emitted from the three-level atoms. The two-mode light is

said to be in a squeezed state if either ACE <1 and
Ac? >1lor ACJ% >1 and ACl2 <1, such that AciAc-> 1
[3, 20].

The variances of the quadrature operator, defined by
AcZ =(c2y—(c+)? , (60)

can be expressed in terms of c-number variables
associated with the normal ordering as

AC =1%(y. (1), 7. (1)) | (61)
where
7=« 08 OaLA0) .
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On account of Eq. (iZ), we see that 05 - AiAfap—2vi[Asf -, +2V*f;ﬁ]
a0y £() =S (at)a(t) + ' 222 (41 +4-)/2
l *
(BB () +2alt), A1) @) e M)
(" (1),a(t)+
BOLAY 2B (D)a(t))+cc AATap 2 [A-fo g+ 2v-f ]
in which c.c. stands for complex conjugate. Using eqgs. |2,1|2(gi + A4 )/2
(51, 52), (45, 46), and assuming the cavity modes are —E(liwh)t
initially in vacuum states along with the fact that a noise (1-e 2 )
force at a certain time does not affect the cavity mode
variables at earlier time, one can easily establish that AZA fap—2vi[Acf -, +2v_f ;ﬁ]
(a(t),a(t) =(B(). B = (B (t)a(t)) =0 ,(64) } 22 (2 412
Al[Asfag+2v_f  1+2vZALf Lo
(@ (e = e 2 o 1 2R e (1-e 25N
222 (A% +2-)/2
i e,%um,)t AfA_faﬁ—2v+[A_fa*a+2v_f;ﬂ]
- +
) ) ) 2% (A% +4+)/2
A+[A—f0{a+2V—faﬂ]+2V—A—falB (1 —%(ﬂ,j-l-ﬂwr)t)
- _e ,
242 (A% +24)/2
1
—(AZ4ast (67)
(1-e 2 "
’ where
_Ai[A+fW +2v_f;ﬂ] +2viALfop o, )
242 (21 +1-)/2 fap=" Taa=hra (68)

l *
—§(1++L)t

(1-e
+Aj[A—faa+2V—f;ﬂ]+2VjA—faﬂ
22| (A2 +24)/2
1 *
—(As+A+ 2t
(1-e 2 )
(65)
. Af2vifop—2vi[Avf  +2vEf - ]
BB =~ 7 e
222 (A% +24)/2
1 *
——(A++A4 1
(1-e A
Af2vifap—2vi[A-f +2v2f o]
+
22| (A2 +2-)/2
1 *
—S(ATHA
(1-e 2 ’
AfZVifaﬁ—2v+[A+f;ﬁ+2vffa*a]
+
124) 2 (A% +44)/2
1, .+
*7(ﬂ.7+/1+)t
(1-e 2
AfZVifaﬁ—2v+[A_f;ﬂ+2vffa*a]
24]%(A2+4-)/2
1 *
—(AZ+At
(1-e 2 )
(66)
and

33

Now substitution of egs. (64), (65), (66),and (67), and the
complex conjugate of (67) into eq. (63) leads to

(Ar £2v D[(AT £2v 1 )f -,

(y+(t),y+(t)y == C 5 [$(A_$2V—)fcxﬂ1
|2j“| A-+AZ

$(A_¢2v_)(AiJ_er+)f;ﬂ
A-+ A2

1 *
(1_e—§(/17+17 it
(A-x2vD)[(AT +2v4)f -,
1 F(AFF2vI)fes]
22| Ao+ AT

¢(A,J—r2v,)(AfJ_er+)f;ﬁ
A+ + AL

1 *
(1_e—§(l++ﬂ+ )i
(Ar£2v DA £2v4 ) f 45,
. 2 F(AIF2vi)feps]
24| Ar+A2

$(A,¢2v,)(Aiizw)f;ﬂ

Y

Laeany

(1-e 2 )+ceC .

(69)
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Hence on account of eq. (69), eq. (61) takes at steady state
the form

*2 *2
2 2 A+i2V+ ‘A—i2V+
Acy =1l+— —+ -
. 22 Ao+AE Ae+ A%
(As£2vY)
_(Aii2v+)(A—i2vi)_(Afi2v+)]f
p R
(Afz2vl)
L2 (A+izvi)(Af¢zvf)+(A_¢2vi)
|24/ Ao+al Av+A1
(Afx2vl)
(AZF2vI)(A-+2vi) (Ar+2v])
- ; s 1fap
ﬂ++ﬂz— ﬂ,++ﬂ,_
(A+F2v-)
. 2 (A:i¢ZV+)(A_¢2V_)+(Afizv+)
|24/ A-+A* Ay 425
i (AZ+2vy)
(A+F2v-)(A+x2vi) (A-F2v-) (70)
- * - * ]faa )
Ar+ A= Ar+A-

This represents the quadrature variances of the cavity
modes for a two nondegenerate three- level laser whose
cavity contains a parametric amplifier and whose cavity
modes are driven by coherent light and coupled to a two-
mode vacuum reservoir. In order to have a mathematically
manageable analysis, we take pac = pea.

Now in view of this and eq. (8), we have

2vi=2vi=4yr+tAJl-n? |
i=1*=\[A2n2+16;(2 ,
A:r=AL=AL\A2y2 416y |

At =A% :%(2K+A77J_r«/A2772 +16x2) , 7D
_(4z2+AL-7?)
4

_All-7n)

a‘a =
2

f;ﬁ

f

faﬂ:

So that with the aid egs. (70, 71), we get
2cA(L-1)(2x+2A7+ A)+16 1 2 A
_|_
ALk(xc+An)=4x 5 1(2K+ Ayp)

Acizl

(72)

[ 2
N 2k(dy2+AJ1-n° ) 2xk+An+Atdy2) ’
ALx(x+ A7) =4z 5 1(2K+ Ay)
This is the quadrature variances of the cavity modes for a
two nondegenerate three-level laser whose cavity contains
a parametric amplifier and whose cavity modes are
coupled to a two-mode vacuum reservoir. Since the
parameter y; does not appear in this equation, the driving
coherent light has no effect on the quadrature variances.
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Figure 2. Plots of the quadrature variance [eq.(72)] versus 7
for £ = 0.8, y2=0.399, and for different values of the linear
gain coefficient.
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Figure 3. Plots of the quadrature variances [eq.(72)] versus #
(blue curve) and [eq.(73)] versus 7 (red curve) for A =100, y2=
0.399, and k= 0.8.

Figure 2 represents the variances of the minus quadrature
[eq. (72)] versus 5 for different values of the linear gain
coefficient. This figure indicates that the degree of
squeezing increases with the linear gain coefficient and
almost perfect squeezing can be obtained for large values
of the linear gain coefficient and for small values of 7.
Moreover, the minimum value of the quadrature variance
described by eq. (72) for 4 =100, x = 0.8, and X,=0.399,
is found to be Ac?. = 03066 and occurs at = 0.11. This
result implies that the maximum intracavity squeezing for
the above values is 69.34% below the coherent-state level.
This result is greater than the one obtained by Menisha
[21].

The plots in Figure 3 represent the variances of the minus
quadrature of the cavity modes for a two nondegenerate
three-level laser alone (red curve) and with parametric
amplifier (blue curve). This figure indicates that better
squeezing can be obtained from a two nondegenerate
three-level laser with parametric amplifier. We now
consider the case in which the nonlinear crystal is
removed from the cavity and the cavity is coupled to a
two-mode vacuum reservoir. Then upon setting y> = 0 in
eq.(72), we get
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Figure 4. Plots of the quadrature variance [eq.(73)] versus 7

for 4 =100 and x=0.8.
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This is the quadrature variances of the cavity modes for a
two nondegenerate three-level laser coupled to a two-
mode vacuum reservoir. The minimum value of the

quadrature variance described by figure 4 for A= 100 and
k = 0.8, is found to be (Ac)l2 = 3467 and occurs at n =

0.18. This result implies that the maximum intracavity
squeezing for the above values is 65.3% below the
coherent-state level. Comparison of this result with the
69.34% squeezing that could be obtained in the presence
of the parametric amplifier shows that the parametric
amplifier has significant effect on the squeezing of the
cavity modes.

(73)

5. Photon statistics

In this section we study the statistical properties of the
cavity modes produced by a two nondegenerate three-
level laser whose cavity contains a parametric amplifier
and with the cavity modes driven by coherent light and
coupled to a two-mode vacuum reservoir. We first obtain,
using the antinormally ordered characteristic function
defined in the Heisenberg picture, the Q function for the
cavity modes.

Then applying the resulting Q function, we calculate the
mean and variances of the photon number sum and
difference for the cavity modes.

5.1. The Q function

Here we wish to obtain the Q function for the cavity
modes produced by the system under consideration. The
Q function for a two-mode light can be expressed as [3]

Qla,pit) __Ju_d 2o A(z,0t) pt'a-a 40" f-0pf”

(74)
with the characteristic function ®4(z,w,¢) defined in the
Heisenberg picture by

D a(z,0,t)=Tr (p0(0)

e—27a(t) 4 za’ (1) efa)*ﬁ(t)

(75)
€ ,

wt?f(t))
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Employing the Baker-Hausdorff identity, we can rewrite
eq. (75) in the normal order as

@ aA(z,0,t)= e_Z i (p(0) e 28’ () (76)
e—2a(1) gab’(t) g-wb(1))

so that the correspondmg c-number equation is
OA(z,0t)=e P9 ?

<e Za*(t)—z*a(t)+w,8*(t)—w*ﬂ(t)> (77)

Now taking into account eqs. (45) and (46) along with
their complex conjugates, eq. (77) can be put in the form

* * * * %
=7 I- w+E11Z—-E11L +E120—E120
(DA(Z(()t)=e 11 11 12 12

<e 20 *(t)-2"a/(t +ap " (t)-0" B (L )> (78)
where

a'(t)= pu(t)a(0)+q1(t)B"(0)+Fa(t) , (79)
B'(t)=p2(t)B7(0)+q2(t)a(0)+F(t) . (80)

With the aid of egs. (47)- (52), it can be easily established
that

d 1 1 %
Sl O)=—mald )+ Zv-(70) . s
SUpO)=-Zue(pO)+ v (@) . 6D

We see that eqs. (81) and (82) are linear differential
equations for a (t) and (7). On the other hand, taking
into account egs. (51), (52), and the assumption that the
cavity modes are initially in a vacuum state, we have

(B(1)=(a'(1)) = (83)
Thus we observe that o' (¢) and S (¢) are Gaussian variables
with a vanishing mean. In view of this, eq. (78) can be
expressed as [20]

* * * * ¥ *
-7 I W+E11I—E11L +E120—E120
(I)A(Za)t):e 11 11 12 12

1 A I P
xexp| (= la l(;[) z a*(t,) ’ (84)
2\+0pf" (t)-0 p'(t
Hence on account of eqs. (64- 67), the characteristic
function can be put in the form
—ag2 147" (@ b-e11 W1 0b " +¢11)

®aA(z,0t)=¢
p—as0 *oreno—-e10" (85)
where
L AL-7) (4K +3A7+ A)+167 3 (i + Ap)
a =
4|:K‘(K'+A7])—4/1’22:|(2K+ AI])
(86)
2
K‘(4}(2+A 1—772)
apg =1+ , (87)
4|:K(K+A7])—4}(22:|(2K‘+ Ar)
and
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_ u .
K(4;(2+A\/1—772)(2K+A77+A) Na = = +&17611 -1, (100)

b= , (88) Ugupg—-v v

4 (e ) =4z |(2x+ Ay) and

. . . . _ u *
Now 1n.trodu(.:1ng (85) into eq (74) and carrying out the Np = p +&612 -1, (101)
integration with the help of Ugup - v

2
Id—zz exp(—azz* +bz+cz* + Az +Bz*?)
T

}, a>0

exp[—u pa "o +

5 ) (89)
abc+ Ac“ +Bb

a2 -4AB

1 {
exp
Ja?-4AB
we obtain
Qa.pt)="L2 0
T

a(p*+u*ﬂ)+a*( p+uvB8™)
—UaB B+Ba"+p q—c11p” —e12q]

(90)
where
Ada
Ug =——< 91
“ agap—b*b O
apg
up=—=___ | 92
P = aeap b b ©2)
pe— 0 93)
agapg—b*b
p=ugpgeci1—-ve12 , (94)
q:uagfz—ugfl . (95)

6. Mean of the photon number sum and
difference

We next proceed to calculate the mean and variances of
the photon number sum and difference of mode a and
mode b applying the Q function. We define the operators
representing the photon number sum and difference of
mode a and mode b by

ir=4’a+b’b (96)
The mean of the photon number sum and difference can

be written in terms of the Q function as
Z

ﬁizfdza 428 Qa,pit) (a*aiﬁ*ﬂ—lil) L (97)

Now applying the Q function eq. (90) in eq. (97) and
performing the integration with the help of eq. (89), we
obtain

2 2
op op oq o
Lo Aad ©%)
exp Ugp p+UgQ q—u*pq+up q ,
UgUp-v v
from which follows
n=n+n,, 99)
where
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are the mean photon numbers of mode a and mode b. With
the aid of egs. (91), (92), (86), and (87), we can write

_AA(L-7)(4x+3A+ A)+16 1 3 (x+ An)

Mla = >
4|:K(2K+A77)—4}(2:|(2K+A77)
(102)
2
;512[2/(+A77+A+4;(2—A 1—772)
+
2
|:K(K+A7])—4j(22:|
and
2
K(4;{2+A 1—772j
Np =
4|:K(2K+A7])—4,1’22:|(2K+A7])
(103)

2
22 (2K+A77—A+4ZZ +A«/1—772)

+ 5 ,
|:K(K+Aﬂ)—4}(22:|

We easily see from egs. (102) and (103) that the driving
coherent light enhances the mean photon numbers of
mode a and mode b. On account of egs. (102) and (103),
the mean of the photon number sum and difference can be
written as

2 A(1—17 )(2+ Ay ) +16 1 2 Ay + 81y 2 Af1—77 2
+(lil)K|:A2(l—772)+16)(22:|

4|:K(K+A77)—4122:|(2K+A7])

N+ =

2
, (2K+A77+A+4;(2—A 1—;72j +
X1 2
(2K+A77—A+4;(2+A 1—772j

|:K(K+A7])—4}(22:|2

(104)
We now proceed to consider some special cases. We first
consider the case in which the parametric amplifier and
the driving coherent light are absent. Thus upon setting y;
=2=01n eq. (104), we get

226+ An)+(1+x1)A(1+7)
Ak + Ag)(2x+ Aryp)

This is the mean of the photon number sum and difference
for the cavity modes produced by two different
nondegenerate three-level atom coupled to a vacuum
reservoir. We see from eq. (105) that the mean of the
photon number difference is positive. This shows that the
mean photon number of mode a is greater than that of
mode b. We observe from Figure. 5 that the mean photon

N+ =A(1-7) (105)
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Figure 5. Plots of the mean of the photon number difference [eq. St AR -~
(104)] versus 7 (blue curve) and the variances of the photon 0 . S e —
number difference [eq. (105)] versus # (red curve) for 4 = 100, 0 0.2 0.4 0.6 0.8 1

x=0.8 y1=0.2, and y2=0.399.

number increases considerably due to the driving coherent
light and parametric amplifier. We next consider the case
in which atoms are not injected into the cavity. Hence
upon setting 4 =0 in eq. (104), we find

2 2 2
275 L)

K2_4122 (K‘2—4}(22)2

This represents the mean of the photon number sum and
difference of the cavity modes for a two nondegenerate
parametric oscillator driven by coherent light and coupled
to a vacuum reservoir. We see from eq. (106) that the mean
of the photon number difference is zero. We observe from
these two special cases that the mean photon number of
mode a is greater than that of mode b due to the three-
level laser. And the increase in the mean photon number
of mode a must be due to the decay of some atoms from
the intermediate level to levels other than level ¢
spontaneously.

ne=(1£1)

: (106)

7. Variances of the photon number sum and
difference

The variances of the photon number sum and difference
defined by

aaa 2 naa\ 2
An§=<(afaibfb) >-<éféibfb> , (107)
can be expressed as
An? =Ang+AnZ£2nap | (108)
in which

2
An} =<(é7‘é) >—ﬁé2, (109)
is the photon number variance of mode a,
2 S A )
Anb:<(bfb) —n2, (110)
is the photon number variance of mode b, and
nab =(a"abb)—mamb, (111)

n
Figure 6. Plots of the mean of the photon number difference [eq.
(105)] versus 7 (solid curve) and the variances of the photon
number difference [eq. (119)] versus # (dashed curve) for 4 =
100, x=10.8.

= (ala .
with e = {a'a) and Using  the
commutation relation [ , We can write

2 _ /424712 =2 =
An3 _<a a >—na ~3a-2 , (112)
The first term on the right side of eq. (112) can be
expressed in terms of the Q function as [3]

<é2é7‘2>=_[da2 dB% Qa.pt) a2a? , (113)

Now applying the Q function eq. (90) in eq. (113) and
performing the integration, we obtain

(a%a7?)=2(Ra+1)? ~[on|* (114)
Therefore, substitution of eq. (114) into eq. (112) yields

Ang =nZ +fa—|eu|? | (115)
Following the same procedure, we easily obtain
=2 = 4
AnZ =m2+Ap —|e12|”, (116)
and
* |2 2] * 2
Nab =‘b+811€12‘ —|ea] ‘512‘ : (117)

Hence combination of eqgs. (108), (115), (116), and (117)
results in

2 2 2 * |2
Anf{ =M3 +na+nb+nbi2lb+8118l2‘
2y L (118)
—| |e1] 1‘812‘ ,
Upon setting y1 = y2= 0 in eq. (118), we get
A2 =nZ+ma+n2+mp+2b|® (119)

We observe from figure 6 that the variance of the photon
number difference is greater than the mean of the photon
number difference.

-8.-Conclusion

In this paper, we have studied the squeezing and statistical
properties of the cavity modes produced by two
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nondegenerate three-level lasers whose cavities contain
a parametric amplifier, with the cavity modes driven by
coherent light and coupled to a vacuum reservoir. We have
obtained, using the master equation, stochastic differential
equations associated with the normal ordering. Applying
the solutions of the resulting differential equations, we
have calculated the quadrature variances. The light
produced by the two nondegenerate systems is in a
squeezed state. It is found that the parametric amplifier
increases the degree of squeezing, but the driving
coherent light does not have any effect on the squeezing.
We have also seen that the degree of squeezing increases

with the linear gain coefficient for small values of n, and
almost perfect squeezing can be obtained for large values
of the linear gain coefficient. In addition, we have
determined, employing the Q function, the mean photon
number and the variance of the photon number for the
cavity modes. The mean photon number increases
considerably due to the driving coherent light and the
parametric amplifier. Since the effect of the parametric
amplifier on the three-level laser is to enhance both the
degree of squeezing and the mean photon number, a bright
and highly squeezed light can be produced by the quantum
optical system considered in this paper.
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