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1. Introduction

Some aspects of the final theory of quantum gravity may P

reveal themselves through a probable asymptotic theory
such as quantum field theory in curved spacetime. The
theory has predicted important phenomena such as
Hawking radiation [2] and particle production
expanding universe [3] as well as the Casimir effeqf a
radiation from accelerating conductors. The_en -
momentum tensor, occupies a crucial and ce role
semi-classical approach to the theoryof gravity’[5,

On this ground, and after derivati f ergy
momentum tensor for the Casimir effect ofiparallel plates
in flat spacetime by Brwon and y [1]the Casimir

energy in curved spacetime hasfibeen
authors investigating some physic

principle of equivalen , 8, 9], quantum vacuum
structure [11, 12] a e qugstion that whether the
vacuum energy isfffespomsible for the cosmological
constant proble not [13]? Some studies have been
devoted to calculati Casimir energy in a classical

died by many
ns such as weak

backgro 4,15,16,17,18,19, 20, 21, 22,23, 24, 25,
26, 27 ile few others concerning the full
energy- tensor [30, 31, 32, 33, 34].

In Ref[3 the energy-momentum tensor has been
derived and analysed in Fermi coordinates for a massless
scalar field confined between two conducting parallel
plates in the case of weak gravitational field. However, as
is well-known and indicated in Ref.[32], there is no
mathematically essential difference between Rindler
spacetime and the Fermi coordinates in curved spacetime
if we neglect curvature effects (see also eq.(13.73) in
Ref.[35]). In this paper, we find T, in a general static
curved spacetime. Although it is a hard and tricky
computation, it can be more efficiently presented using
the point splitting method [36, 4]. In section II, after

set up for the Casimir apparatus, we find the
using a method different from the one
sua by others. We find it more simply by
the WKB method with the aid of a known
th in the general theory of differential equations. In
section III we compute the energy-momentum tensor
using the point-splitting method. Then, the Casimir
energy and force will be found. Taking advantage of the
Wick rotation, we find the explicit type of the
divergences. To check out consistency of the
computations, we reinforce the previous results in the
literature. Covariant conservation of the obtained T}, is
examined. A careful analysis of conformal invariance and
trace anomaly is done in section IV. In section V, we
provide some examples in support of the developed
method. The final section is devoted to some discussions.

2. The Green function

The apparatus is a system of two parallel plates separated
by a small distance a and located at distance R from the
source of the gravitational field. The scalar field is
massless and arbitrarily coupled to gravity with Dirichlet
boundary condition on plates. The spacetime metric is
assumed to be

ds? = (1 + 2yy + 2292)dt? — (1 + 2y, +

20,2)(dx? + dy? + dz?), 1))
Our motivation for using this type of metric is related to
the fact that a typical gravitational potential can be
expanded, up to second order perturbation, in the space
between the plates as Gm/c?r =1+ 2y, + 2192+ ..

Gm
“2p2 z <

where y, = =y, = —fz—rz <<1, Ayz=-4z=
< 1[18]. Hereafter we assume ¢ = 2 = 1.

To regularize the energy-momentum tensor, we use the
point splitting method. The energy-momentum tensor can



be written according to the Hadamard two-point function
which is related to the Feynman Green function by

H(x, x') =< [¢(x), p(x)]; >= 2Im Gp(x,x) @
The Feynman Green function satisfies
/ 8(xx1)
a-— = — .
( fR)GF(x'x) V=g (3)

Some calculations show that the Ricci scalar R ~ 0(y?),
i = 0,1, hence should be neglected by now as we will
compute everything up to second order perturbation only.
This does not delete ¢ in the next calculations since it still
presents in the energy momentum tensor. Thus we have
0u(\[=99"0,Gp(x,x)) = =8 (x,x). “
The planar symmetry of the apparatus in the directions x
and y makes it easier to work with the reduced Green
function gz (z, z") defined by [30]

dwdk,

Ge(x,x) =] G g5(2,7")e 10 E—tN+RLE-T) .
_  dodk, e
= | Ty atob,

where

U=ge(z Z')e—iw(t—tl)+iﬁl.(f—ﬁ)’ ©)

and a Feynman contour is chosen in integration. Using the
same relation as (5) for §(x, x") and expanding the left
side of (4) we find

J=99"078r(2,2) + 0,(/~99")0.8r(2,2) —
V=991 (K + 2 0oNge(z,2) = =8z —2). ()
Here we do not use the iterative procedure to find g(z, z"),
the perturbation method used in Ref.[30]. Instead, we use
the general theory of differential equations and the
following theorem [37]:

Theorem 1: The Green function for the differe,
equation

boundary conditions
a1y(a) = a;0;y(a), B1y(b) = B,0,y
is given by

[left = G(z,

®

’ Y1(Z)Y2(Z’)
z) = W(z.)o(zl)
(10)

Y1 (21)Y2(2)
e 11
W (z)po(27) an

o independent solutions
eous differential equation

kign of Y;1(2), Y,(2).

p 6) (see Ref.[25] equation (15))
- —+—)z)sm(\/_z(1 +— Z) +0 )

2

in which/0®, and D, are arbitrary constants to be
determined by imposing the boundary conditions and

a=—-2Bw? b=(1-24)w?—-k3 (13)
A:yO_yl, B:AO_Al, /’{E/’tl +/10. (14)
The Dirichlet boundary condition is given by

Gr(2,2")|z=01 = 0. (15)

According to (5), (9) and (10)-(11) this boundary
condition is equivalent to
¥:(0)=0,Y,() =0.

Therefore, it is found that

(16)

— Yo
po(2)y"(2) + p1(2)Y'(2) + p2y(2) = f(2,2) ; E, 8r(2,2) =
wohzch is defi nezl on the znte;fval [a,b], @ 2\/_51n\/_ (l ) )

@) = (1= G+2)z)sinvb (z +

ﬁzz) z< 2, (17)
K@) =(1-G+D)z)sinVb ((z - D) + = (2 —

12)) z>7. (18)

A computation shows that the Wronskian for ¥; and Y, is
given by

W(z') = (1 - 2z Whsinvb (1 + = 12). (19)
Using po(z) =y—g9" =~ +y,+y; +22) we

arrive at E

[left = g¢(z,2)
Ty mcl—e(z+z>)

\/—Sin\/_ (l + E

X
sin(\/_(z -+ \/_(z
z, (20)

sin (\/Ez’ +

green function is symmetric due to
the differential equation (7) is self-adjoint. In

nding in terms of a, we finally find the green
fungtion up to second order perturbation as follows:
z<z"

/l(z + 2"

{cos (\/_ ba)

- cos(\/_ﬁ) +
%((z2 — 2% + 1)sin(VbpB) — (2% + 2% —
®)sin(Vba))}, (22)
a=z+7z -1, f=z-2+1l=Az+1L (23)
To find ggr(z,z") for z> 2z it suffices to do the
interchange z « z' as the green function is symmetric.

3. The energy-momentum tensor

The classical energy-momentum tensor of a scalar field in
an arbitrary n-dimenstional spacetime is given by [4]:

Tuy = (1= 20y + (28 = D guvd bz —

2, ® +2E9,0h O ¢ (24)
2(n—1) ) 1

_f(Guv + Tnguv)d) + Z[Z - (1

1 2 2

_E)E]m guv¢ ’
in which O= g“ﬁ¢;aﬁ and Gy, is the Einstein tensor. As
is commonly known, the expectation value of this energy-
momentum tensor is divergent when evaluated at a typical
point in curved spacetime. In fact, this is a typical
behavior of the problems consisting of taking the

expectation value of the operators quadratic in terms of
the filed strength [4].



One can see [36] that after employing the point splitting
method the enenergy-momentum tensor takes the form

(T) = lim [(1 = 26)4(G 0, + G40

+(§ - 14)g,, G

—£2(6Y), + G\),) + 889, (G 7+ 61,7

%
+ 826G, G
+262Rg,, 6 + X2 m2g,, O], 25)
in Wthh
GD(x,x") = ([p(x), p(x)]+) = 2Im Gp, (26)

is the Hadamard function and ; 4’ denotes differentiation
with respect to x’. The main idea behind the point splitting
(point-separation) method is that we avoid taking the
above limit by separating the points using the bivector P
which is responsible for the parallel transport of any
tensor field from point x to another distinct point x” along
a geodesy which connects x to x’. Thus, for instance, we
do the replacements such as

@ @
HmG o, = A G @
in order to carry out the above limiting process. After the

!
calculations done, PM” will be replaced by unity, i.e. by
u

- ,
The bivector B;” is given by [33]

Plf// = gupnabebpe%l- (28)
The normalized vielbeins e, for the metric (1) are
e% = /9000% €'y =196, i=123. (29)

Therefore, we find
P/,L _ (\/90/0/ \/91/1/ \/91/1/ g1/1r
vr ’
Yoo g11 911 .911
Now, we return to (??). First, note that the last tegm in (7
which contains G, vanishes for the metric @is

second order term. By using (5) and epla like
(27) we rewrlte (‘7‘7) for the massless ca

#l
Ty =gim [ oo )3 £ (200" U g+ BV )

!
~I9uv alU ’

—

(U7 + B P U7 )]

U v TBU )

ensor we need the Cristoffel symbols
ith the metric (1) as

5o =Tos = Ao + 0(€?), Tfy =T3 =T =T, =
—T3, =1, + 0(e?), (32)
and the following relations

00U = —iwU, 0,U = —ik,U, 9,U = —ik,U,
U:OO’ = (UZU, U:lll = k%U, U;z,z = k:)z/U, U;3,3 = aZaZ,U,
U;OO = —(‘)ZU - lanU, U;O’O’ = _wZU - }{ran/U;

U;ll = _k§U + AlaZU, U;l’l’ = _k_%U + AlaZ,U,
U:22 = _kJZIU + AlaZU, U;z,z, = _k)Z/U + AlaZ,U,
U:33 = aZZU - }llaZU, U;3,3, = aZZ,U - AlaZ,U.

(33)

Before tending to find energy-momentum components,
we need to compute scalars PSU,° and U,% +
PY'P5U.,7" as follows.

o or _ 0r0r |Yoror 1r1r |91r11r
PmU;a =g — U;OO! +g -
Joo g11

= g%w?U + g"' (kK3U + 940,

Ui + Uz}

(34)
in which we have used equation;
calculation shows

U® + PP = g°

an ). The same

0 Uq1+ Ugzp + Uz} +
’UOIOI + gl 1’{U1111 + U212: + U3/3,}

(35)
Note that in the

stan find (Ty,). Since gy, = 0, the second and the
Nr/ s in (??) vanish. For the first and third terms, we
ter using (6) and (33) that
PYU .y + PY'U 130 = P! (Ugiy + Uyyg) = (—wk, U — kywlU) =
U.or +PPYU s = 2kl

(36)
and arrive at
(To)) =lim 2Im | d“’d"l L 2k U]
X=X
=2 [7dk fm dw(z 5w dhee[2k,0Z(2,2)] = 0,
(37)

since w and Z(z,z") are even functions in terms of k,,
hence the integrand in (37) is an odd function in terms of
ky.
3.2 computation of < Ty >
After using (26)-(30) we find

(Too) = %Im J d((;):)kgl [2Qw*)U — goofg*’w?U + g** (kiU + 9,
—(—2w?U — 24(0, + 9,)U)
+1 9oo(—29°°w?U — 2k3 g1V — A(9, + 0,,)U + g**(9Z + 02)!

+(& —%)Im 1) %[—szU + 2900{g®w?U + g (k323U + 9,

- 202U — 29(3, + 3,)U)
+= goo( 29%°w?U — 2k2 g0 — A(9, + 0,)U + g** (82 + 92)1

(3%)
which can be written as follows



{Too) 6 71—z (2m)3 "2 2911
da)ko_ 3 doo
+(E——)11m1mf o )3 +2g k% +
(39)

Before doing integrations in the above equation, we need
to find gp, (0, + 0,,)8r and 0,0,,8r separately. After a
careful calculation, we find up to second order
perturbations in terms of 4, y (see Appendix A)

P =5 (N —M), (40)

M=—(1 ) cos(Vha)
Yo h Vbsin(vbl)
al? cos(Vba)cos(vbl) N
4b sin2(Vbl)
a . 5 _ sin(Vba) _cos(Vba)
/b (2" +z )\/Esin(\/gl) + 2ez Vbsin(¥bl) (41)
cos(Vbp)
N=—-A-vy—V) ="
( 0 1)\/— Tl(\/—l)
L al? cos(\/_ﬁ)cos(\/_l)
4b sin2(vbl)
a2 2, g2y Sin(WbB) cos(¥DB)
4Vb (2" —z% +1 )\/Esin(\/gl) +2ez Vbsin(Vb1)’ (42)
A, e
€=+ (43)
and
_ _sin(Vba)  az (cos(Yba) | cos(vbB)
(0,0,)8F = € sin(vVbl) 2\/3(51'11(\/31) sin(\/El))
M+N
b=
2 2 _ , sin(Vba) _az cos(Vba) _ cos(Vbp)
(07 + 0z)8r = 4 sin(Wbl) Vb (Sin(\/ﬁl) sin
b(M —N),
-1 . .
M@0, +0,)8r = Zsm(\}a) (sin( — si
_, sin(ba)
- 1 sin(vbl)
(46)

Note that in our calculations w
approximations of the kin
ef(e,...) = €f (0,...) 40 (£2):

For example
1—-€(z+zr)

1 Vbsin(Wba+1yz)

ntly use typical

(47)

+ 0L 2g) + 0(Aq6).
(48)

Vbsin(Vba)

To hav e divergent parts of equations (39)-
(46), we irst analyse the flat spacetime case.
Explicit d@mputations will be done to clear the type of
divergenc

3.3 flat spacetime analysis of the energy-momentum
tensor

The flat space (Tyq) is given by letting 4, = A, =y, =
y1 = 0 1in equation (38). For sake of simplicity we analyse
the case & = 0, i.e.

.1 dwdk
(Too) = lim ZIm [ 55k [0 + ki + 0,0, 18- (49)
After using (40) and (44) we find
1 dwdk; w?cos(VbB)—k3 cos(vVba)
(T00> ;}H;I f (27[)3 \/Esin(\/El) (50)

0. ((62 + 82,0) + 88 agPIZ Z’—>Z 0 SlnhKl

Zsm(\/—l)

= LlimIm [ 22492 2 _ 390042 +Joo Yoo (32 + 02 — i@, gompute this integral we use the Wick rotation

tecﬁmque dlscussed in Appendix B. Thus, we find
quu,a 4218 1) + 2c0sh(xa)]

K3dk

T g m%&(agah,a S?Sh(K(AZ + 1)) + 2cosh(k(2z — 1))],

(51)
which in turn gives
3 KAz o 2K3dk 3

(Too) = — an[zl}_rgf K>dke +f T_1+2f

o K3e2K(a=2) g

*2),
(52)
After using [42]
w0 xVe(B-1)x

Jo = dx= BV+1F(V+1){(V+ ), B >
0, Re u>0, Rev>1, (53)
we find

1 . 1 1
<TOO) = [_ ﬁz}glz (Az)* ry 4] Mot [( (4'1 -
(54)
in which
{(m,x) = " (55)

function.
cket in (54) is originated from the

is the Riemann’s
Notice that the first

B-dependent part of equation (50) while the second

B-dependent part is the finite one.
A simple computation shows that the a-dependent part is
completely divergent. In fact,

: f[(JL“__)JF(( 2)1dz

oo K3e?KZdy
0 e2Kl_q

Dre(

(sm(ﬁq Js ) az

16n2 0 (i-z2)* +f dz ¥in (( +nl)* +

1
an? (zl—}gl*’ 73 + zl—>l m)
(56)
Therefore, the a-dependent part does not produce any
finite contributions to the energy.

3.4 regularization of < Tyy >

Based on the analysis presented in the previous section,
the terms containing « are divergent at z = 0,z = [ while
the -terms converge. Hereafter we first calculate S-terms
in each case. Note also that M is a totally a-term.

For the first line of (39), after using (40) and (44)-(46) we
find

3900 goo

1
[(n+1)z—z]4)]

? 22900 Yy )
o =g M+ gy, (0 + 05— 40,0,) + 3% — 11 4(0; +9
1 w?cos(Vb, 12 aw? cos(vVbB)co
=[-3(1-vo—v1+5Bz w? cos(Vbp) | 31 aw® cos(Vbp)co
Vb sin(/bl) 4 b sin? (V]

r6r5Y

Z—

Vb



_ \/—COS(\/—a) 1? cos(Vba)cos(vVbind ¥ _dinsrgeimi-figar the surfaces, i.e. at z = 0 and
H=( +Yo =371+ 2B2) in(Wbl) | 4 sin2(Vbl) 24_114@292% té%(gsin(\/?l)
evbcos(Vba) w? cos(Vba)  31% aw? cos(Vba)cos(vVbl)
+22 S S+ 30— vo — i+ 5 B2) N — S CompHap of < Typ > and < Ty, >
~30z2 -1 aw? sin(Vba) _ Zic"s(‘/_ @) _ z a cos(VbajThel fat/Bhat there is horizontal symmetry in the space
4 b sin(Vbl) Vb sin(Vbl) 4B sin(Vblbetwedn(fhe plates, the energy momentum tensor is the

same, for Boolsinci y diginitibe,
same reas‘bnnfg“év/— PendediapRit

i.e. (Tll) = (Tzz). The
1 the following relations

(57) which we use later:
In a simil for th d line of (39), aft i
n a similar manner, for the second line o , after using . dodky 5 dwdk, _
(41) and (44)-(46), we find limm [ 2505 kyge = limIm [ 2205t keige =
w2 +390 K} + 250 (92 +02) + 80,0,,) + (3% — ¥ 9 g (61)
_ [3 Bz 1) COS(\/—ﬁ) 3z a cos(\/—ﬁ)] By using (??) we find
a Vb sin(bl) = 4 vb sin(vbl) (T11) = (T32)
3 £ 2 cos(Vba) cos(WVba) 12 _cols(ﬁﬁﬁﬁgf(iﬁz_%‘_’dki Ekz _ 3911 02 — 4.0 An
+- \/— sin(vbl) (A +yo =3y +2B2 )\/— sinWbl) e 6 mm2(vpl) (21)° [2 L 2900 2+ O 2020 Ao
2z —12 sin(Vba) cos(Vba) | 5 icos(\/_a) 1 sm(\/_bp(f — _) lim Im f dwdky o 3 W2 + 1(62 + 02 + 83,0 )
: 4 sin(vbl) 2zeVb sin(vbl) +4 Vb sin(vbl) 2€ sin(vbl) z1-z (em)?® Joo 4 ? we
_ 3~ sin(Vba)  Asin(vba)
4 sin(Vbl) 4 sin(\/El)]' (62)
(58) After the same as 00) We find for the first
As is evident from (58), the second line of (39) is line of (62)

completely divergent at z = 0 and z = [. This divergent
part is absent in the case of conformal coupling of the

+2(82 + 02 — 40,0,,) + Ay — 31,4(8, + 9,))]g.
@? cos(¥bpB) | 1? aw? cos(vVbB)cos(vbl)

ﬁgld, 1.e. fqr &= 1./6. Thus, afte.r a Wick rotation and — Bz) 75 snebD T 4 b SnZ(75D) .
using other integrations in appendix B, we finally find 7B 2 /b 7B
A 2 2 + (1 —Yo—7 )\/ECOS( bpB) s cos(vVbB)cos(vVbl)
(Too) = (1 +2y0 — 4y1 + 548l — 2) =4 (Bl +42)) 0T VNP G Wb T 4 sin? (Vbl)
Vb Vb Vb
2 [=821(@) + Ay (@) — (22" ~ ) A/ RE M) — 226V L+ S5 )
=61 + 2y, — 4y, — 2442)A1(a) + BI?A,(« 12 w? cos(vba) _ 12 aw? cos(Vba)cos(vbl)
12,,2 (SC )[ ( Yo )’12(4-/1 1+)5/11()A) 2(a) 13§, 43{q)- Bz )\/_ S snWB) 4 b SnZ (/BD)
- 1 0 a 2z2-1% aw? sin(Vba) ew? cos(Wba) 1 \/—cos(\/Eaj
(59 T4 b sinWb)  ““ Vb sinb) ;A=Y —y)Vb sin(Vb)
in WhiChl ) n 1>  cos(Vba)cos(vVbl) |, 2z%-12 sm(\/—a) \/—cos(\/—a) Z a c
Co=—==[1+2y,— 4y, — g(,10 +4A)z] 60) 12 sin2(Vbl) 12 sm(\/_l) sin(Wbl) ' 6D si
ad 2 __Esm(\/—a) 3 ) sin(\/_a)]
7 3 sin(vbl) 3 sin(vbl)
Ay(a) = 814 [((41-)+44, (63)
2 2 The second line in equation (62) is easily obtained from
a 20(4,2 =) =2 52 equation (58). In fact, it is nothing but the equation (57
@)= x26(42-%) 52— q g q
2 2 Il’Zlultlplled by a factor of 920 T1 ® along with the exchange 1, ©
+24(41 +&T 1+ 7) +{(G1- ) +¢ (5»1' )Thus, again, using the integrations in the appendix B,
3 7 7 we find
A = — —=)—=10(5,9)], 2 2 E,
3(0) 415 < l) < l):| (T11) =(Ty;) =-— (1 -2y, — gflo(zz -D- _/11(32 + l))_o (:2)4
1 Z z
Ay(a) 7) - 5(3.7)]. ———[8zA,(a) — I*A(a) + (:
—)[-6(1 — 2y, — 2142)A,(a) — BI?A
and E, =—m?/1440l* is the Casimir energy in flat 12"2 ¢ )[ ( n 02)A1(a)
spacetime. important point should be stressed here. In
equations (57) and (58), everywhere, we can replace b = (63)
where

(1-24)w?—k? by b=w?>—k? in view of the
application of equation (46). However, since the first and
fifth terms in (57) and the second term in (58) are not
proportional to O(A), hence the replacement is not
eligible. In such terms, we can use the variable change
w' > w(l—A) and send b = (1 — 24)w? — k% to by =
w'? —k? again. Consequently it makes an extra
multiplicative factor of 1 + 34 which should be taken into
account. Another point is that all the functions 4;, 4,, 43

1
2m2

—2 (22 +32))z).

(1-2

3.6 computation of < T33 >

¢ = (65)

Using (26) and a similar process of previous subsections
we find



(T33) =
limIm [ 22432 _30u

Note that we have selected only the part of their result

3 (62 + 02 — 40,0 V3h4—ch 1s+ﬁ§}lte4a(taz T 9Z,aﬂgz = [. Thus, for instance, the

6z1-z (2m) 2900 “only potentlahy inite ferm in (T() in that paper was the
+(¢ — g);}_nym ) d(‘;’% [% k2 + zzn (62 + 02) onk, cp1BAIi(Q, thedishig £0s(4s)/sin*s which has been
(66) demonstrated in (TO(O)) above. Also we have used [ instead
For the first line we ﬁnd of a to show the separation between the plates. The Ej is
1 [— 3p2 _30u ( 02 + 02 — 40,0,,) + Ay + 51 4@50 t]ae 1t10na1 Casimir energy of the flat spacetime.
st 2™ 2gg0 i z 0 ! e reﬁ' 1n equation (72) equals our results for y, =
g Zw_zcos(\/—ﬁ) —3(1 =70 —711) Vbcos(vVbp) Cq,s(ﬁﬁlcogé\/—l) =49
672" Vb sin?(VbD) 52‘"(‘/_” 4 Aﬂ&ﬁ%@)consmtency check concerns the covariant
3 Slfl(‘/_ﬂ) 7 EhEsVBRbn &F y momentum tensor. Since the
B8) . 4 5”;(/‘[1)) erf‘é?é‘(fﬁhomeﬁ‘tﬁ@ﬁ@ﬁ‘é% is diagonal and only”dependent
l _E w? cos _gicos ba sin(Wba _ ba ul u2 _ :
+6[ Bz \/_sznz(\/—l) 4 b sin(¥bl) +3e€ sin(vbl) ( 0:)21’/)(1’: §ﬂi\/—l qT ),u <T )# 0. Afte tion
(67) B
and the second line of (66) is found to be (TH3), = — n__z (220 + A1) E =) (73)
[ K2+ 3?1 (62 + 02) + Ay + 51,4(0, + 8,,)]gin which
00 6 4
=[- EBZw cos(\/_ﬁ) 3zicos(\/_/?)] €y = n-_z(l —6y; — 5(’10 + (74)
- Vb sin?2(¥bl) 4 Vb sin(vbl) To obtain (73) we havgalised relation 0,A4,(a) =
3, ?cos(Vba) 3Asin(Wba) | 3z a cos(Vba) 1 SWg 7z~ ™ terms in (73) are the
Bz Vb sin?(Vbl) 4 sin(vbl) T sin(Vb) 4 (Ao + gfl‘?-moh/_ ffl, aration method which can
(68) s, the covariant conservation of the

After doing the integrations we arrive at

+(f — =5 @ + 2244 (@),
(69)
where

3

cs =—ﬁ(1—2y

3.7 consistency check

=222 + 1)2). (70)

As said before, the energy-momentum tensor has
found for a Casimir apparatus hovering in a stati

gravitational field described by Fermigoordi [33) 34,
30]

ds? = (1+ 2gz)dt®> —dx* —dy* —d (71)
This spacetime is equivalent to spac e of the
Rindler accelerated owerver [31]. erefore, it

corresponds to the case y, =
calculations. They have
momentum tensor (se 5)-(4.

(Too) = (T)

, Ag = g in our
the following energy

(33D

—-——=E
144014 0
s—3m cos(4s) nz

wtEy—— 40

sin%s
(Too) = Eq (1 +2ga-2g2)),
(Toz) = (T + 2gUT )+ =
= —Eo(1 +24oa — 2 197),

(Ts) = (T9)) + 21T )+. .

(TS3") = 3Ey,

(T3(;)> =E, - %Eo

> (Ty5) = 36, (1+2 g1 -3 g2)).

(T11)

(72)

L
=sf (1 - yo + 31 + (314
0

— 20)2)(To0)
=S+ A+ BYE, + (@ — part) + (§ —)(a —
part), (75)

where we have ignored the a-part as it diverges at z =
0, L. S is the area of plates.

Apparently, the first order correction A =y, — y; has
been appeared in the energy. This confirms the result
recently found by author [40]. Although, in that work (see
section 4 in [40]), sufficient arguments were introduced
for the appearance of first order corrections, the current
direct calculation shows that undoubtedly the
gravitational corrections for the Casimir energy and force
of parallel plate geometry is many orders of magnitudes
greater than what previously found in the literature and
thus can be measured employing current precision of
experiments.

—E, + 2ga (_eﬁily Qy_WTﬁch the plates attract/rzepel each other is

-Z —S(1+A+ B

48014

(76)
=S (1 +70+3y1+ 2 (Ao +24y) | )48014,
= 0 1/—gg,g,dz =l(1+y, +511l) is the
proper distance between the plates. As a result, the change
in the force by which the plates attract/repel each other
depends on the sign of the first order correction y + 3y;.
We give examples indicating this point later.

where



4. conformal invariance and trace anomaly

It can be shown that the trace of the stress-tensor vanishes
for £ = 1/6, i.e. for the conformal coupling of the field.
After some calculations and using equations (59),(64) and
(69) we find

(TYY = g°(Too) + 9" [2(T11) + (T33)]

= 0+ (§ — D[3(1 — 41 — 222)4,(a) + 6BI?A;(a) <I6( 22> —12) A5 (&5

source adapted to the Casimir plates, measured by a zero
angular momentum observer (ZAMO), is given by [15]

ds? = (14 2b®, + 2bnz)dt? — (1 — 20, — 2nz)(dx?* + dy? + dz*

(82)

in which
b=1-2aQ,

dt (83)

—(132, + 151,)AKeh more general observers see [15]. Note that m is the

(77)

Therefore, the trace has an anomalous divergent part
unless the field be conformally coupled.

Another feature of the obtained energy momentum tensor
is related to the case the metric is conformal flat, i.e.

ds? = (14 2y, + 2A92)(dt?* — dx? — dy? — dz?),
(78)

In this case we have Yo =y, 4 =44, A=0, B=0
and the energy momentum tensor takes the form

(Too) =917~ 5 ays 33 € — PA1(22 = D] + 15 (€ corpip@idela62a = 0]

A
= g°%Too) 1 — (§ =D 22 A, (22 - ),

2
(T11) =(Ty2)

E, 1 1 1 1
=9" Tt e € 92z - D1+
1, 34
= gO%T) e + (6 — D) 28 4,22 - D),

E
(T33) = 900[3 _lo -
320

= 9°%Ts3)"*" = (§ = D) 5 As(22 = D).

3 1

(79)

This is the reminiscence of the already known relati

the literature. If a metric undergoes a conff
transformation g, = 02 (x)g v, the new (ren lized
energy momentum tensor is given by (see (6. in 4]

(TJ [g_uvDren. = (%)%(TJ [guv])ren.
+ [0,

(80)
Putting Q% = goo = 1 + ’y + 2 see that

(Tyv)ren. = goo(Tyv>£lat (81)
which differs from w ¢ found in (79) by a factor of

(€ - %)%A4(ZZ . T ifference is related to the
fact that equatio as been derived for quantum field
i ed spaccfime without boundaries while our
th the presence of boundary. An
0) and some other calculations related
field theory in curved spacetime under the
influence oundaries will be published elsewhere.

Again, equation (81) inspects equation (79) in the case of

conformal coupling, i.e. £ = %. In other words, for the case
of conformal triviality, the divergent part A,(2z —1)

disappears.
5. examples

5.1 The Kerr spacetime

The Casimir effect in Kerr spacetime has been studied
previously [15, 14, 39]. The metric of a slowly rotating

Qe dsieco

iRt # = %)[—3/10A4(22 —@)lgo

mass of the source and the apparatus is located at distance
R from the center of the source. a is the angular
momentum per mass.

By comparing (82) with (1) we see that y, L=

—®d,. Thus, in view of equation (76), wehave y, +3y; =
g% =LPx, + @) z}. 0 because for zero gn entum
it. A

M
R

observers ) = 2—; in the far fieldghi result, the
magnitude of the force betwee plates increases. This
is also the case for thegSc ild metric as it

h does not alter the sign of

Yo + 371
5.2 Extendéd

g pies of gravity(ETG)

pplicable also for the case of the

theorie the Casimir energy has been studied in [23]
whe ve found the related metric to be of the form
2 ®y(R) +2A(R) z "
14+2%(R)+23(R) z, (84)
w
GM _ 1 _ 4 _
®o(R) = =21+ g(@Em e ™ + (5 g(E,m) ek =2 ey
GM
AR) = 5
(85)

The parameters m,,m_,my, and g(&,n) have been
defined in [23]. By now, it is sufficient to know that the
in term in the above eqluations is the Newtonian

main_ _
;#)gev + 5;‘1’9’]6@81&51;;@%&/‘1? %113@;%%9 tdrms in the brackets are

corrections due to ETGs. Therefore, yy = @y, 4o = A,

y1 = =¥, 4, = —X and the corresponding Casimir force
is given by

2 2
F==5[1+d,—3% +2(A- zz)lp]&—%, (86)

which shows an increase in the magnitude of the force.

5.3 Horava-Lifshitz gravity

Modifications of the Casimir energy by the Horava-
Lifshitz theory of gravity has been studied in [16]. They
have found a static black hole solution as follows (see

eq.(8) in [16])

2o (1M 2 g2 (g 42 M 2
ds? = (1-2+ 20 ar? - (1+ 20— ) (ar? +
r2dQ?), (87)

. . M M2 1
which in turn gives yo = —— = —y1, 4o = — ="

Thus, the magnitude of the Casimir force increases as
y0+3y1=2%>0.

6. concluding remarks

In this paper, we found the curved spacetime analogue of
the energy-momentum tensor for Casimir effect of



parallel plates first found by Brown and Maclay [1] using
the point splitting method. We extended in detail the
calculations of the energy momentum tensor of the
arbitrarily coupled scalar field confined in between the
Casimir plates to the metric given by equation (1). As we
shown, the metric (1) covers all previously considered
static weak gravitational fields for which the Casimir
energy and force has been calculated in the literature. The
explicit structure of divergencies was determined and the
regularized stress tensor was obtained in equations
(59),(64) and (69). Consistency with the previous results
in the literature were done in subsection G and section IV.
We found sufficient conditions according to which the
force and energy decreases/increases. Also we proved
directly that the leading order corrections to both the

previously found in the literature. We found the energy
momentum tensor in the case of conformal coupling of the
field and shown the consistency of the results. Some
previous studies in the literature were analysed and
corrected through examples.

Appendix

A some important computations
To be concise, we use equation (20) in the form

_ 1vo-n—e(ztan _ ~
&r = 2 BsinyB(1+ Z12) [cos(S; + S,) — cos(S; — S5,)],(88)

in which

S, =\/EZ+LZZ
\/_(z—l)+ \/_(z 12).

Usmg the above equations we find up to seco g;er ,
perturbations

(Cos(\/Ea) - Vb,

az

d
28F = \/— \/_l)
4bsm(\/_l)

- sm(

—(1 —€e(z + z))(sin
in which R = —(1
equation (47) haes

—sin(S; — Sz)) (90)
sin(vbl W~ lz) and
n use a same way we ﬁnd

s(\/za) - cos(\/E,B))

0,8 =

!

+(1- e(z +2))(cos(S; + S,) — cos(S; — S)), (93)

oigr = (sm(\/_a) +sm(\/_[)’))

(W D ,
az
2v/bsin(Vbl)
- cos(\/E,B))
+ % (1 —e(z +z"))(cos(S; + S,) — cos(S; — S3)), (94)
The last term in equations (92)-(??) should be further

simplified to be applicable practically. After some
calculations we find that

~(1—€(z +2))cos(S, + ;) = M

(cos(\/Ea)

1 95)
~(1—e(z+ z"))cos(S; — S,) =N,
where M and N were defined in equat nd (41). It
is stressed again that all the a s have been

approximated up to second rbations using

ack into (92)-(??)

equation (47). Putting e on
will produce (40),(44) ai

ast the integration to our desired form for b. The
Wick rotation is achieved by sending
dwd?k; _
@n®

w — ikcosO, k, = ksinf = Vb - ik, =

20 K2
an )2 dxsinfd6.(97)

Since a = —2Bw? we find
-Bi  x3cosh(kl)

_ ~Bi [ k’cosh(xl) , ~_ —Bi,.
Y=22) ey 3¢ = 32 imA: (B), (98)
in which we have defined
o K3cosh(xu)
Al(u) - f de, (99)
o k*cosh?(ku)
A,(w) = f —smhle dk, (100)
Agu) = [ KSR g, (101)
A4(u) sinhkl (102)

Other integrations which are needed in the paper can be
find as follows:

smhkl
J-oo k?sinh(rxuw)

az . dwdk) ®? cos(vVbu) _
4bsin(vbl) (sinvber) I @m?* Vb sin(Vb l)r 3(zn)2 A (W), (103)
. dwdk; a w* cos”( u)_ﬁ 2i
5 + Sm(\/gﬁ)) J (@m)3 b sin2(WbBl) 5 (2m)? A, (W), (104)
+£(1 —€(z +2))(sin(S; + S,) + sin(S; — S3)), (91) i dwdkgla_wzsinwf_w =2 24 () (105)
. (2m) b sin(vbl) 5 (2m) ’
Vba) a(z+zr) 2 ;
0,0,8r = ESl_n( — : cos(vVba) + cos(Vbp) dwdky € w® cos(Vbu) _ 1,4 By 2i
20:8F = €50 5y~ whsmcibD / ) JlattuedteostBO _1E_B @), (106)
+— (1 — g 249D costBt_S,) & eos ,
(92) or (1~ A o Br ) X osy ™) (107)
dwdk, k3 acos?(vVbu) _ 4B 2i
I =——= AW, (108)
02gr = (sm(\/_a) - sm(\/_ﬁ)) @m?® b sin?(VbD) 15 (2m)?
(\/_l) f dwdklusm(ﬁu) 4B 2i As(w), (109)

2\/,_51—11(\/,_1) (COS(\/_OI)

— cos(\/_ﬁ))

@2m)3 b sin(Vbl)
J- dwdk, € k2 cos(vbu)
2m)3 Vb sin(Vbl)

15 (2m)2

=d-HZZaw, (10



dwdk, sm(w/— bw) _ A in which we have wused (53) for obtainin
= =G- (W), (111) g
P i) 2 6 (2")2 As A1(B), A2(B), A3(B), Ax(B).
dodk, a cos(Vbu) _ 2B _2i u 112 For obtaining similar results for a-part, we use suitable
(zm)3 Vb sin/bl) 3 (2m)2 A (W), (112) .. . . .
dodky 7 cos Wowy i decoposition to partial fractions and the relations 3.524(5)
| o Ve = e M@, (113)  and 3.423(2) in [42]. Then it is found that
20/p _ o K3cosh(x(2z-1)) _z
0 QST - 2 ) G ) = S g = g1 -5 ¢
dwko_ sinG/bw) _ 2B 2i {(4, l)]’ (123)
J (2m)3 sm(\/—l)\/_ 3 (211)2 As(w), (115) limA, (a) J‘ *cosh(k(2z — l))cosh(kl)
dwdk (Wbu) imA,(a) = dx
J ((;) )3l C::(\/—l;) (—_ )(Zn.)z 1(w), (116) 2oz ° 0 sinhZkl
dwdk, sm(\/—u) ) K4 [eZKZ + eZK(l—Z)]
f (2m)3 sin(Vbl) (211:)2 A4(u) (117) = ZJ; (eZKl _ 1)2 dx
dwdk Vb . _
B = 2 A0 1) [ e )
In our calculations we need eitheru = a =z+z' — L or 0 el —

u=p=z—2z+1l=Az+1 Thus, we find the
following results 4l5

2542 - )—2(1—% ~3

® k3cosh(x(Az + 1 +20(41 45 2751 42 514-5 +¢(5,9),
im0 = 1 | (k(dz+D) Cl1+9) =4 YD+
z—z! z=z1 Jq sinhkl
_ o K3cosh(kAz) 3 kA7 _ T -3 _5 _
- ;LT,Z fo eyt l‘l?,f e =t T als [¢G1 D
. 6
A, G (119)
) ) *cosh(k(Az + l))cosh(rcl) [(B31-2>) -
limA4(6) = lim f G
] © Kk . . .
= zh—>r§r[4 fo T +4 J; m wing relation has been used to obtain
+ f Kte2khz] I‘(v + D, u+2)— (u+1DIv+1,u+2)],
0
ot . 24 Re py> -2, Rev>2.
=305 Am e (1 (127)
o k*sinh(k(Az+1)) 1
limA;(B) = llmf o Gk =—lim B) Acknowledgments
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