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Abstract 

This paper investigates the potential of Hermite-sinh-Gaussian (HSG) laser beams to improve the efficacy of electron 

acceleration in vacuum. HSG beams are distinguished by their hybrid structure, which encompasses Hermite-Gaussian 

orthogonality and non-Gaussian characteristics introduced by the hyperbolic sine (sinh) function. This structure provides 

distinctive capabilities for the manipulation of laser electric fields. The study examines the responsibilities of critical 

parameters, such as the Hermite mode index (s), the decentered parameter (b) of the sinh function, and the electric field 

amplitude and distribution, in the optimization of electron acceleration dynamics. The interplay between these parameters 

and their effect on energy gain and trajectory confinement is analyzed using theoretical modelling and numerical 

simulations. The results indicate that the maximum total energy can be enhanced to 3375.75 MeV by customized HSG 

beam configurations (s = 2, b = 3), which can provide valuable insights for the development of advanced laser-driven 

particle accelerators. These results facilitate the development of compact, high-efficiency electron acceleration 

technologies that have applications in radiation generation and particle physics. 
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1. Introduction 

The prospective applications of electron acceleration in 

vacuum using high-intensity laser beams in particle 

physics, advanced radiation sources, and compact 

accelerator technology have made it a promising area of 

research. Significant advantages are provided in terms of 

the acceleration process's simplicity and control by the 

capacity to accomplish high electron energy gains through 

laser-electron interaction in plasma and vacuum. 

Structured laser fields have garnered attention for their 

capacity to optimize acceleration efficacy and manipulate 

particle trajectories, despite the presence of a variety of 

laser beam configurations.  

Hermite-Gaussian (HG) laser pulse profile has been 

investigated in various phenomena like electron wave 

excitation [1,2] electron acceleration [3,4] self-focusing 

[5,6], THz generation [7,8] etc. Pramanik et al. [9] has 

investigated electron acceleration phenomenon in vacuum 

using Hermite-cosh-Gaussian laser pulse. Midha et al. 

[10] has investigated mode index of Hermite polynomial 

and decentered parameter of cosh function while 

investigating the THz generation efficiency using 

Hermite-cosh-Gaussian laser profile in plasma. Sinh-

Gaussian and high order sinh Gaussian laser pulse has 

been investigated in various laser-based applications [11], 

[12].  

In this context, Hermite-sinh-Gaussian (HSG) laser 

beams offer a distinctive framework for the investigation 

of novel acceleration mechanisms. Hermite-Sinh-

Gaussian beams are a composite laser mode that combines 

the orthogonality of HG beams with the hyperbolic sine 

(Sinh) function. They are characterized by their intricate 

transverse intensity profiles. The spatial distribution of the 

laser electric field is precisely controlled by this 

distinctive structure, which has a direct impact on electron 

dynamics. The spatial intensity and phase profile of the 

beam are significantly influenced by the Hermite mode 

index and the decentered parameter associated with the 

sinh function, which in turn influences the electron 

acceleration process. Tian et al. [13] has investigated the 

self-focusing effect of Hermite-sinh-Gaussian laser beam 

in plasma.  

The experimental generation of Hermite sinh-Gaussian 

(HSG) beams, especially those with high mode indices 

(e.g., s=2), poses several notable challenges. The intricate 

field structure of HSG beams, defined by the hyperbolic 

sine function and modulated by Hermite polynomials, 

necessitates accurate amplitude and phase shaping. High 
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mode indices enhance sensitivity to misalignments and 

optical aberrations, thereby complicating beam formation 

and propagation. Achieving precise control over the beam 

parameter b, which influences the beam's non-Gaussian 

characteristics, presents challenges due to the 

requirements for high-resolution modulation and rigorous 

calibration. The scalability is constrained by the beam 

profile's sensitivity to environmental factors; while 

vacuum conditions mitigate scattering and absorption, 

their maintenance introduces operational complexity. 

Furthermore, accurate beam alignment is critical; minor 

deviations can compromise modal purity and result in 

energy loss or spatial decoherence.  

The laser electric field is of the utmost importance in 

accelerating electrons [14,15]. The maximal energy gain 

that can be achieved is determined by the amplitude of the 

electric field, while the trajectory and confinement of 

electrons within the accelerating region are influenced by 

the field's spatial distribution. It is feasible to optimize the 

interaction between the laser field and the electron by 

adjusting the parameters of Hermite-sinh-Gaussian 

beams. This optimization has the potential to result in a 

more efficient acceleration and a greater transfer of 

energy to the electron. 

This research examines the potential of Hermite-sinh-

Gaussian laser beams for the high-efficiency acceleration 

of electrons in vacuum. The intensity profile of such a 

HSG laser pulse is shown in figure 1. We investigated the 

influence of the laser electric field, the decentered 

parameter of the sinh function, and the Hermite mode 

index on the acceleration dynamics. Our objective is to 

offer insights into the ways in which these parameters can 

be customized to optimize energy gain and enhance the 

overall efficiency of the electron acceleration process by 

means of the theoretical modelling presented in section II 

and the numerical simulations presented in section III. 

These insights are further elaborated upon in the 

conclusion section IV.  

2. Electron dynamics 

The general form of the electric field vector of a Hermite-

sinh-Gaussian laser beam that is radially polarized and is 

travelling along the z-direction is described as  

𝐸⃗ = 𝐸𝑟 𝑟̂ +  𝐸𝑧𝑧̂ (1) 

Here, 𝐸𝑟  and 𝐸𝑧 are the components of electric field 

vector. 

Like Hermite-cosh-Gaussian laser pulse [16], the radial 

component of the electric field of a spatial Hermite-Sinh-

Gaussian laser beam can be written as 

𝐸𝑟
⃗⃗⃗⃗ (𝑟, 𝑧) =  𝑟̂𝐸0𝐻𝑠 (

√2𝑟

𝑟0
) sinh (
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𝑟0
) 𝑒

−(𝑟
2
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2⁄ )
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Here, 𝐸0 is the amplitude of laser electric field, 𝑟0 is the 

beam waist, s is Hermite polynomial mode index, b is 

decentered parameter associated with sinh function, k and 

𝜔 are the propagation constant and frequency of laser 

pulse. 

By solving Maxwell’s first equation in vacuum  
1
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By solving Maxwell’s third equation in vacuum ∇⃗⃗ × E⃗⃗ =

−
𝜕B⃗⃗ 

𝜕𝑡
 , magnetic field associated with the laser pulse is 

𝐵⃗ 𝐿 =
𝐸𝑟

𝑐
Ɵ̂ (4) 

By taking components of the Lorentz force equation  𝐹 =
𝑑𝑃⃗ 

𝑑𝑡
= −𝑒{𝐸⃗ + (𝑉⃗ × 𝐵⃗ )}   (5) 
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Along Ɵ-direction 
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As, Differentiating the formula of relativistic factor γ = 

√1 +
𝑃2

𝑚0
2𝑐2, we get 
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By using the values of laser electric and magnetic field 

components from equation (2-4), and normalizing the 

parameters as [17] 
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Solving equation (6) in similar manner, we get 
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Figure 1. Intensity profile of Hermite-Sinh-Gaussian laser pulse for various s = 0,1,2 and b = 1,2,3 values. 

Here, 𝑐2 =
1

√1−𝛽𝑧
2
+

𝛽𝑧
2

(1−𝛽𝑧
2)

3/2 

From equation (8) 
𝑑𝛽Ɵ

𝑑𝑡′ = 0 (13) 

Equation (10) to (13) are the coupled differential 

equations, which can be solved for feasible numerical 

values of the parameters. 
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Figure 2. Variation of energy of electron with normalized time 

for normalized laser electric field of 5 (orange), 10 (blue), 15 

(red) and 20 (black), b = 3, s = 2, 𝑟0
′ = 2, λ = 1.06 μm. 

 

Figure 3. Variation of energy of electron with normalized time 

for decentred parameter of 1 (orange), 2 (blue), and 3 (red), 

𝑎0= 20, s = 2, 𝑟0
′ = 2, λ = 1.06 μm. 

 

Figure 4. Variation of energy of electron with decentred 

parameter for 𝑡′=200, 𝑎0= 20, s = 2, 𝑟0
′ = 2, λ = 1.06 μm 

 

Figure 5. Variation of energy of electron with Hermite 

polynomial mode index for 𝑡′=200, 𝑎0= 20, b = 3, 𝑟0
′ = 2, λ = 

10.6 μm. 

3. Results and discussion  

For numerical solutions, laser of wavelength 1.06 μm is 

chosen (Nd: YAG laser). The angular frequency 𝜔 for the 

selected wavelength is 1.78 × 1015 rad/sec. The 

normalized values of laser electric field amplitude 𝑎0 is 

chosen as 5, 10, 15 and 20 which correspond to laser 

electric field of 1.5 × 1013, 3 × 1013, 4.5 × 1013 and 

6 × 1013 V/m. Laser intensity for the chosen electric field 

is 3 × 1019, 1.2 × 1020, 2.75 × 1020 and 4.89 × 1020  

W/𝑐𝑚2. Hermite polynomial mode index (s) is chosen as 

0, 1 and 2. Decentered parameter (b) for the sinh function 

is chosen as 1, 2 and 3. Normalized value of beam waist 

is chosen as 2. We have taken initial normalized radial 

position of electron at 0.1 moving along radial direction 

with energy 0.25 MeV. 

Effect of laser electric field amplitude 

The energy of an electron in a vacuum increase with the 

normalized amplitude (a) of the electric field of a laser. 

For a = 5, 10, 15, and 20, the associated maximum 

electron energies are 854.32 MeV, 1696.80 MeV, 2536.84 

MeV, and 3375.75 MeV, respectively. This variation is 

shown in figure 2. This pattern indicates a clear 

correlation that electron energy increases linearly with the 

electric field amplitude. Increased electric field 

amplitudes lead to enhanced electron acceleration owing 

to a more robust interaction with the laser field. These 

results emphasized the capability of high-intensity lasers 

to generate ultra-relativistic electrons, applicable in 

sophisticated light sources and high-energy physics. 

Effect of decentered parameter 

The research indicates that the energy of an electron in a 

vacuum markedly escalates with the decentered parameter 

b of the sinh function, which adjusts the amplitude of the 

laser electric field. At b=1, the electron energy is 76.09 

MeV, which increases to 462.42 MeV at b=2, and attains 

3375.75 MeV at b=3 as shown in figure 3. With increase 

in decentered parameter, the maximum intensity as well 

as the central hollow region of HSG profile increases as 

shown in figure 1. This illustrates a non-linear correlation 

between b and electron energy, ascribed to the augmented 

interaction between the electron and the laser field with 

increasing b.  

The decentered parameter b alters the spatial distribution 

of the electric field defined by the sinh function. As b 

grows, the peak intensity of the field becomes more 

prominent due to exponential growth of the sinh function, 

leading to a greater electric field amplitude which creates 

a dramatic rise (nonlinear increase) in the energy imparted 

to the electron as b increases as shown in figure 4. 

Effect of Hermite polynomial mode index 

Hermite polynomials define the spatial distribution of 

modes in HSG laser pulses. The mode index characterizes 

the number of nodes in the transverse electric field 

distribution. The findings indicate a substantial rise in the 

electron's energy as s escalates: s=0: Energy equals 

754.87 MeV, Energy escalates to 2047.75 MeV, 

representing an increase of almost 2.7 times. 

At s=2, energy attains 3375.75 MeV, representing an 
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increase of about 1.6 times from s=1. 

The nonlinear rise indicates that elevated mode indices 

improve interaction efficiency by generating more robust 

and organized electromagnetic fields, resulting in linearly 

enhanced energy transfer to the electron. 
 

The energy acquired by an electron interacting with a laser 

pulse in a vacuum is contingent upon the intensity, and 

spatial configuration of the laser field. In HSG laser 

pulses, higher mode indices enhance the peak intensity 

and electric field gradients inside the interaction zone. 

The electron undergoes more acceleration owing to the 

heightened electric field intensity and spatial 

configuration. 

In a study, Sharma et al. [19]  mainly focused on the effect 

of linear chirping parameters. With the increase of 

positive frequency chirp, the maximum energy of the 

electron decreases while increase in negative frequency 

chirp enhances electron energy. A maximum energy gain 

of 3738.3 MeV was obtained with a frequency chirp of – 

0.0099. Sharma et al. [20] have investigated electron 

acceleration in vacuum using sinh-Gaussian laser pulse 

and they obtained electrons of 1.21 GeV energy with 

optimized laser parameters (decentered parameter b = 3, 

λ = 1.06 μm). In this study, we have utilized Hermite-sinh-

Gaussian laser pulse to obtain 3.37 GeV electrons 

(decentered parameter b = 3, s = 2, λ = 1.06 μm). The HSG 

pulse, characterized by a Hermite mode index of 2 

(𝐻2(𝑥) = 4𝑥2 − 2), creates stronger transverse intensity 

gradients due to its more complex beam profile.  The 

fundamental distinction between the acceleration of 

electrons by means of Sinh-Gaussian laser and Hermite-

sinh-Gaussian functions lies in the incorporation of the 

Hermite function. As the indexes of higher Hermite 

polynomial modes and the parameters of greater 

decentering are considered, there is an observable 

increase in laser intensity within regions of elevated 

transverse distance. This phenomenon can be attributed to 

the contributions of both the sinh function and the 

Hermite functions. By optimizing the parameters, a 

maximum energy gain of 3375.75 MeV electron can be 

obtained without any chirping. This results in the 

establishment of conditions that are more conducive for 

electrons to absorb increased amounts of energy. 

4. Conclusion 

The research shows that Hermite-sinh-Gaussian (HSG) 

laser beams may boost vacuum electron acceleration. 

Using HSG beams' hybrid structure, which combines 

Hermite-Gaussian orthogonality with non-Gaussian 

characteristics from the hyperbolic sine (sinh) function, 

the research highlights the role of key parameters like the 

Hermite mode index (s), decentered parameter (b), and 

electric field amplitude and distribution. Optimizations 

(e.g., s=2, b=3) may produce energy increases of 3375.75 

MeV, according to theoretical modelling and numerical 

simulations. This study provides light on beam 

characteristics and electron acceleration dynamics, paving 

the door for small, high-efficiency laser-driven particle 

accelerators.  
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