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Abstract

We review theoretical investigations of high-temperature superconductors which have been performed by density functional theory.
The main subject of our study is the Hg-based family of the superconducting cuprates, which demonstrates unusual and still puzzling
properties. We show that the first-principles approach is able to describe the effects of chemical doping and pressure on the structural
properties, the band structure, the ion charges, and the chemical bonds. We report on the origin of the optimal doping and present
results on the inhomegeneity of the charge distribution and the concomitant splitting of the electronic bands and their contributions to
the density of states. Due to their individual energy dependence, the role of the intrinsic inhomogeneities for superconductivity
strongly depends on the energy and character of the quasiparticle mediating the Cooper pairing. The evolution of the electric field
gradients with doping is analyzed and compared to nuclear resonance experiments. The calculated results can explain the origin of
doping-induced effects observed either by local or macroscopic experimental probes. From a systematic study of the density of states
by varying the doping concentration as well as applying pressure up to 15 GPa, and comparison with the measured critical
temperatures, the coupling constant of the quasiparticle has been estimated to be of the order of one. Moreover, we show how density
functional theory allows for the calculation of vibrational properties and phonon Raman scattering in the high-Tc cuprates. All results
are quantitatively compared to experiment, and have revealed very good agreement.
Keywords: density functional theory, Hg-based high-Tc cuprates, superconductivity, pressure, doping, inhomogeneities

1. Introduction

Twenty years and thousands of publications after the
discovery of high temperature superconductivity, we are
far from fully understanding this class of materials. Their
industrial application has been realized, but only to a
very small extent compared to the initial forecast. Their
ground state and superconducting properties are still not
well enough known, and, in particular, the mechanism
leading to the Cooper pairing is still a mystery, even
though a considerable number of models have been
proposed. Nevertheless, many experimental and
theoretical investigations have solved a variety of
puzzling questions. Among them, computational studies
based on density functional theory (DFT) could
contribute to the present understanding of these
materials. Going back to the very beginning of the high
Tc era, neither the computers nor the computer codes
have been efficient enough to allow for the investigation
of complex problems. It actually took a year on the
fastest computers to run a self-consistent calculation for
YBa2Cu3O7th a reasonable precision. Nevertheless, early
calculations helped to understand the basic features of

the band structures and Fermi surfaces of several
cuprates, which have been summarized and discussed in
detail by Pickett in 1989[1]. At the same time, the
underestimation of correlation effects by the local
density approximation led to doubts about the
applicability of DFT for these materials. In particular,
the antiferromagnetic and insulating behaviour of their
undoped parent phases could not be reproduced by LDA
calculations. Only a few years later, it was shown that
not only the electron density [2-4], but also optical
spectra [5,6], phonons [7-12], and Raman spectra [1315] could be obtained in a reliable way. Most of these
studies were done for the fully doped YBa2Cu3O7 or for
the simplest representative La2CuO4. Also strain [16], as
well as pressure effects [17] were investigated for the
former.
Doping is the most crucial parameter to determine
the critical temperature in high Tc cuprates. The metallic
state is reached by doping of the parent dielectric
through the replacement of ions or by introducing excess
oxygen. The dopant adds states at the Fermi level EF. As
a result, EF is shifted down thereby changing the carrier
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concentration in the CuO2 planes. The same carriers
participate in the superconducting pairing. A universal
relationship between Tc/Tcmax and the hole content among
the p-type high Tc superconductors, was presented in
Ref. [18]. This dependence is characterized by a plateau,
where the variation of Tc/Tcmax is independent of the
compound considered. Similar correlations between the
doping and band structure related parameters like ps/m*
and Tc, with ps and m* being the carrier density and the
effective mass, respectively, are generic features of high
Tc cuprates and other families of superconductors [19].
In 1993, a new family of cuprates has been discovered.
The transition temperatures of the mercury-based
compounds, HgBa2Can-1CunO2n+2, are the highest observed
[20,21]. They are, however, not only fascinating for still
holding the world record for Tc, which is above 160 K, but
also for the fact that this quantity strongly depends on
parameters like doping, the number of CuO2 layers n, and
pressure [22]. Hence this homologous series is ideally
suited for systematically studying all these effects as well
as their interplay. Although the mercury based high Tc
compounds are not explicitly included in the experimental
analysis described above [18,19] one can expect them to
fit into this very general framework. Therefore, the
mercury based compounds are used in this article to
review some recent and complex DFT studies on high Tc
cuprates. Thereby, we focus on structural data, the band
structure and density of states (DOS), as well as the
charge distribution as a function of composition, doping,
and pressure. We investigate the creation of holes in
the CuO2 planes and analyze their connection to the
superconducting transition temperature. Moreover,
phonons and electron-phonon coupling studied within
DFT are discussed.

2. Computational methods

All calculations were performed within the full-potential
linearized augmented plane-wave (FP-LAPW) method
as implemented in the WIEN2k code [23]. Exchange and
correlation effects are accounted for by the local density
approximation (LDA) parameterized by Perdew and
Wang [24]. For the computational details like number of
basis functions, convergence criteria, k-mesh, etc. we
refer to the different papers on the doping and pressure
dependence [25-27].
The LAPW method divides space into two regions:
Spheres, which are centered around the atomic position
Sα, and the interstitial region in between. Within the
sphere α, the wave function is expanded into products of
radial functions and spherical harmonics:
α
φk + G (Sα + r ) = ∑ [ Alm
(k + G )u lα (r , E l )
lm

α
+ B lm
(k + G )u& αl (r , E l )] Y lm (rˆ ).

(1)

Here, the functions u lα (r , E l ) are the solutions of the
radial Schrödinger equation for the spherical part of the
potential, and u& αl (r , E l ) are their energy derivatives
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Figure 1. Unit cells of the compounds Hg-1201, Hg-1212,

Hg-1223, and Hg-1234 (from left to right). Black little spheres
correspond to oxygen atoms.

taken at the same energy parameter El [28,29]. The

α
α
coefficients Alm
(k + G ) and B lm
(k + G ) are determined
for each atom by matching the two basis functions in

value and slope to a plane-wave e i (k +G )r at the sphere
boundary.
This expansion allows to analyze the charge inside
the spheres not only according to their atomic origin, but
also with respect to their angular momentum
decomposition in l and m. Charges can then be split up
into e.g. px, py, pz, d x 2 − y 2 , d z 2 , d xy ,…. Note that
these partial charges depend on the chosen sphere sizes.
However, they can still be used to study trends, when the
sphere size is kept constant. This is important for
pressure studies, where the unit cell volume decreases. It
complicates the interpretation of the partial charges,
since the amount of charge (volume) lying within the
spheres with respect to the total charge (volume)
becomes larger.

3. Crystal structures

The Hg-family is depicted in figure 1, where the
layered structure becomes clearly visible. The main
building block of all these compounds are the CuO2
planes, which are responsible for the superconducting
properties. All structures crystallize in a tetragonal
lattice with space group P4/mmm, where the c axis is
perpendicular to the CuO2 planes. A short notation for
the different representatives is given according to the
number n of CuO2 layers as Hg-12(n-1)n, i.e. Hg1201, Hg-1212, Hg-1223, and Hg-1234 for the four
members shown in figure 1. Thereby, “1” stands for
one Hg and “2” for two Ba atoms in each cell. The (n-1)
Ca atoms, and the n CuO2 planes further determine this
nomenclature. Throughout the manuscript, the CuO2
layers are counted ascending from bottom to top.
Atoms in the first layer are therefore referred to as Cu1
and O1 (even in the one-layer material) and in the
second layer as Cu2 and O2. The apical oxygen
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Table 1. Experimental data for the Hg-1201, Hg-1212, Hg1223, and Hg-1234 systems under ambient pressure. Given are the lattice
constants a and c, the unit cell volume V, and the reference to the corresponding experiment.
Compound
Hg-1201
Hg-1212
Hg-1223
Hg-1234

Ref.
[30]
[31]
[32]
[33]

a [a.u.]
7.332
7.300
7.278
7.278

c [a.u.]
18.000
23.995
29.790
35.890

V [a.u. 3 ]
967.7
1278.7
1578.0
1901.1

c /a
2.455
3.287
4.093
4.931

Figure 2. (color online) Copper-oxygen planes of the HgBa2CuO4+δ supercells representing the doping concentrations of δ=0.125,

0.167, and 0.22, respectively. The unit cells are indicated by the bold grey lines, the copper (oxygen) atoms by the grey (dark grey)
spheres. The projection of the dopant oxygen (located at the Hg plane) onto these planes is marked by the grey circles.

will be denoted Oa in the text, while Od will refer to the
dopant oxygen. Experimental values for the lattice
constants a and c can be found in Table 1.
The Hg-1201 compound has 5 inequivalent atoms in
its unit cell and 8 in total. Inserting one Ca atom and one
CuO2 layer leads to Hg-1212 with its 6 inequivalent
atoms (12 atoms in total). Higher compounds are
generated by adding further units of Ca atoms and CuO2
planes. Upon adding more layers, a is very similar for all
systems, but with a tendency to decrease.
In order to study doping effects, supercells of the 8-,
6-, 9-, and 4-fold size compared to the undoped case
have been considered [27]. By this, the inhomogeneity of
the charge distribution could be studied in detail. The
CuO2 planes of the corresponding supercells for doping
concentrations of δ = 0.125, 0.167, and 0.22 are given in
figure 2. They are chosen such that the separation of
dopants is maximal, and thus minimizes the Coulomb
energy of their interaction. The particular environment
with respect to the dopant makes the various copper and
oxygen sites within the CuO2 planes inequivalent. The
coordinates of these different types of Cu and O atoms
will be provided in Section 5 (Table 3) for the structures
shown in figure 2. Due to the short-ranged character of
the carriers in the high-Tc cuprates, the interaction of the
dopant with its surrounding is screened at an in-plane
length scale which is approximately the distance
between the dopant and the CuO2 plane [33]. Hence this
interaction is short-ranged. Therefore the sizes of the
chosen supercells have been demonstrated to be big
enough to study the effects of charge redistribution
caused by the dopant ions.
The importance of structural properties for the
superconducting mechanism has been pointed out in
Ref. [34] in detail. It was claimed that, in order to
delocalize carriers in the partially filled conduction band,
the Cu-O distance should be between 3.54 and 3.72 a.u.

under ambient pressure. Therefore, the response of the
lattice to doping and pressure is of great interest and is
now discussed from a theoretical point of view.
Oxygen doping has been considered only for the onelayer compound. The complexity of the supercells shown
above hampered the full relaxation of the crystal structure.
For this purpose, the virtual crystal approximation has
been used, where the geometry for doping levels of δ=0,
0.08, 0.17, and 0.23 was optimized [25] by relaxing the
c /a ratios and the internal coordinates with the doping
dependent unit cell volumes [35] as a starting point. With
respect to pressure, the structural parameters a and c have
been investigated for the material containing up to four
CuO2 planes. The lattice parameters have been obtained
through total energy calculations by varying them around
the experimental values given in Table 1. For each
configuration, the internal parameters, i.e. atomic forces,
were relaxed. The resulting energy surface was then fitted
to third order polynomials in a and c to determine the
lattice parameters for each hydrostatic pressure point.
The results are summarized in Table 2. Due to the
different procedures in relaxing the structural properties,
the δ=0 and the P=0 data are not the same for Hg-1201.
The main doping effect on the crystal structure is a
displacement of Ba and the apical oxygen in z-direction.
This redistribution of bond lengths could be explained
within an ionic picture: With increasing oxygen content,
the positive Ba ions are more attracted by the oxygen,
whereas the negatively charged Oa ions are further
repelled. The shift of the Ba layer towards the basal
plane, the shrinkage of the unit cell, a shortening of the
lattice parameter a, an increase of c for small doping
levels followed by a nearly linear decrease, as well as a
reduction of the distance between the layers of Ba and
Oa are the main trends, which are all in agreement with
experimental observations [35,36].
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Table 2. Calculated structural data for Hg-1201 as a function of doping, [25] and for Hg-1201, Hg-1212, Hg1223, and Hg-1234 as a
function of pressure [26]. The values marked by an asterik are experimental data (see text).
Compound
Hg-1201

Hg-1201

Hg-1212

Hg-1223

Hg-1234

a [a.u.]

δ
0.00
0.08
0.17
0.23
P[GPa]
0
5
10
15
0
5
10
15
0
5
10
15
0
5
10
15

c [a.u.]

7.2894
7.2171
7.1919
7.2399

18.3734
18.5554
18.3090
18.0665

7.2071
7.0844
6.9769
6.8804
7.1674
7.0706
6.9844
6.9060
7.1654
7.0877
7.0178
6.9539
7.0888
6.9824
6.8866
6.7987

17.7212
17.0555
16.4123
15.7825
23.6301
22.8189
22.0346
21.2684
29.5065
28.5878
27.6940
26.8186
35.2930
34.1299
33.0170
31.9367

V [a.u. 3 ]

c /a

976.3*
966.5*
947.0*
*
947.0

2.533
2.571
2.546
2.410

920.5
856.0
798.9
747.1
1213.9
1140.8
1074.9
1014.4
1515.0
1436.1
1363.9
1296.9
1773.5
1664.0
1565.8
1476.2

2.459
2.408
2.352
2.294
3.297
3.227
3.155
3.080
4.118
4.033
3.946
3.857
4.979
4.888
4.794
4.697

z Ba [ c ]
0.3003
0.2965
0.2851
0.2808

z Oa [ c ]
0.2014
0.2023
0.2055
0.2074

Table 3. Copper and oxygen types, their multiplicities M, their (X,Y) coordinates given in lattice constants A and B of the respective

supercells, and their in-plane distances to the nearest dopant oxygen d d , where a is the single cell lattice parameter. hs denotes the
O
number of holes created by doping at the given site, V γγ are the diagonal components of the electric field gradient tensor in 1021 V/m2
units, and η is the corresponding asymmetry parameter. The principal axes of the EFG are either identical or close to the crystal axes.

δ

ion

M

X

Y

dO

V 11

V 22

V 33

η

Cu 1−1

4

1
4
1
4
1
8
1
8
3
8

hs [ e ]

0

a 10 /2

0.0515

2.6

2.6

-5.2

0.01

1
2

a 2 /2

0.0636

3.2

3.2

-6.4

0.00

3 a /2

0.0038

14.2

-8.8

-5.4

0.24

a 5 /2

0.0089

14.5

-8.8

-5.7

0.22

a /2

0.0139

15.0

-8.9

-6.1

0.19

a 10 /2

0.0591

3.0

2.8

-5.8

0.02

a 2 /2

0.0730

3.5

3.5

-7.0

0.01

a 5 /2

0.0087

14.7

-9.0

-5.7

0.22

a /2
3 a /2

0.0195

15.5

-9.1

-6.4

0.18

0.0079

14.6

-9.0

-5.6

0.23

a /2

0.0165

15.3

-9.1

-6.2

0.19

a 13 /2
a 5 /2

0.0084

14.7

-9.0

-5.7

0.23

0.0121

14.9

-8.9

-6.0

0.20

a 2 /2
a 2 /2

0.0863

3.6

3.9

-7.5

0.04

0.0853

4.0

3.8

-7.8

0.02

a 2 /2

0.0775

3.6

3.6

-7.2

0.01

a 10 /2

0.0757

3.4

3.4

-6.8

0.00

0

a /2

0.0253

15.7

-9.2

-6.6

0.16

0

a 5 /2

0.0166

15.0

-9.0

-6.0

0.19

1
6
1
6
1
3

a/2

0.0241

15.6

-9.2

-6.4

0.17

a 5 /2

0.0164

15.1

-9.1

-6.0

0.21

a 5 /2

0.0151

15.0

-9.1

-5.9

0.21

Cu
0.125

0.167

O 1−1

4
4

O 1− 2

8

O 1−3

4

Cu 1−1

2

0

Cu 1− 2

4

O 1−1

4

O

1− 2

2

O

1−3

1
3
1
6
1
2

1

0

O 1− 4

2

1
3

O
O

1−5

3
8

3
8
1
4
1
4
1
4
1
4
1
2
1
2

1

0

2

1−1

1

1
3

0

0

4

1
3

0

Cu

1− 2

Cu

1−3

Cu

1− 4

2
2

O 1−1

4

O 1− 2

2

O 1−3

4

1− 4

4

O 1− 4

4

O

1
8

1−6

Cu

0.22

1− 2

1
3

2
3
1
6
1
2
1
3
2
3
1
2

0
0

1
3
1
3
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4. Electronic bands

The most important building block, the CuO2 plane,
provides a pd- σ band, which is intersected by the Fermi
level. For the case of half-filling, this leads to a MottHubbard insulator, which is however, not reproduced by
DFT calculations, unless the LDA+U method is
employed [42,43]. Here, we only deal with metallic
cases, where the actual position of the Fermi energy
inside the band depends on the doping concentration. In
terms of the DOS, it is related to a local maximum of the
DOS, often referred to as a van Hove singularity (vHs),
which is pinned to the Fermi level in case of optimal
doping. This can be seen for the fully doped compound
YBa2Cu3O7, and has been demonstrated for the Ba doped
LaCuO4 [44]. The same is happening in case of Hg-1201
upon oxygen doping [27,45] suggesting this to be a
universal feature of the cuprates’ band structure,
although the charge carriers are provided in these three
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Hg 1201

Hg 1212

-1
1
0
-1
1
0
-1
X

M

Z

R

A

Z

0 GPa

1

5 GPa

5 GPa

1
0

0
-1

0
-1

10 GPa

0
-1

1

1
0
-1

15 GPa

0 GPa

1

10 GPa

The calculated lattice constants under ambient
pressure are somewhat smaller than the experimental
ones (Table 1), thus showing the typical overbinding
effect of the LDA. More important, however, is that the
c /a ratios are given reliably. This is the case for the
other systems as well, i.e. Hg-1212, Hg-1223, and Hg1234, although the experiments get more complicated as
the number of CuO2 layers and problems like impurities
and deficiencies [31,37] increase. In case of Hg-1201,
the change of volume with respect to pressure is almost
linear up to 10 GPa, which had been observed before by
Novikov and co-workers [38].
For all compounds the change in the lattice
parameters under pressure is quite anisotropic. In
general, going from ambient pressure to 15 GPa, a
shrinks by about 4% while c decreases by about twice
as much, i.e. the layers absorb most of the pressure by
shrinking the inter-layer distance. This is in good
agreement with experimentally found compressibilities
[32,39,40]. Further analysis revealed that nearly the
whole change in the c parameter is due to the change
of the Cu-Oa bond, while the Hg-Oa bond is rather rigid
upon applying pressure. For the n=2, 3, and 4 layer
material the situation is similar, where in agreement
with experiment [32,37] the CuO2 planes are slightly
buckled.
When relating doping to pressure, the crystalline
lattice reacts in a similar way. To be more specific, the
doping effect of δ=0.1 corresponds to a pressure of the
order of 3 GPa. We will see below that this similarity is
also reflected in the electronic structure. By increasing
the number of CuO2 planes, the in-plane lattice
parameter a is decreased again. Also the insertion of a
building block consisting of a CuO2 and a Ca layer costs
less space when the number of layers increases.
In addition, we mention that a comparison of the
mechanical and chemical pressure and doping effects on
the properties of YBa2Cu3O7 and YSr2Cu3O7 can be
found in Ref. [41].

15 GPa
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1
0
-1
X

M

Z

R

A

Z

Figure 3. Band structures of Hg-1201 and Hg1212 along
some high symmetry lines for pressure values up to 15 GPa.
materials in different ways: In case of LaCuO4, the threevalent La is replaced by the two-valent Ba, for
YBa2Cu3O7, the dopant is the chain oxygen, which bond
to the chain copper atom has a considerable amount of
covalent character, while in case of the Hg based
cuprates, the doping is provided by a fully ionic [25]
oxygen in the basal plane.
4.1. Band structures
Among all doped single-layer cuprates, HgBa2CuO4+δ
shows the highest Tc of 94 K [20]. This fact as well as
the pressure dependence of Tc in this family of the
superconducting cuprates, stimulated the studies of their
electron band structure within DFT. Early calculations
helped to understand the properties of undoped single[46] and multi-layer [47] compounds. In addition, they
demonstrated the importance of the proximity of the
Fermi level to the vHs in the electron spectra of the
CuO2 planes [48], which can be achieved by applying
pressure and/or by doping. The band structure and the
bonding character of the dopant oxygen to the nearest
Hg ion was investigated for δ=0.5 in the doped threelayer compound HgBa2Ca2Cu3O8+δ by supercell
calculations[49].
After having already discussed the effect of doping on
the electronic bands, we now turn to the pressure effect. In
figure 3 the band structure of Hg-1201 is depicted along
some high symmetry lines in a rather small energy
window around the Fermi level, which is crossed by one
CuO2 dominated band. The band maximum can be found
at M and its minimum is located at Γ . The band width is
about 3.91 eV under ambient pressure and increases by
almost 15% to 4.44 eV under 15 GPa. A conduction band
with Hg-Oa character comes close to E F at X and R.
Upon applying pressure, it crosses the Fermi level thereby
doping the Cu1(d x 2 − y 2 )-O1 (px) band. At the same time,
the saddle point of the valence band at X and R moves up.
While near the X point this saddle does not reach EF, it
crosses the Fermi level around R at about 12 GPa. A
somewhat smaller value had been predicted before by
Novikov [50].
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1-6

O

O

0.14

0.14
1-2

O
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0.10

0.12

1-4

0.10
1-3

O
0.08

O
0.08

0.55

DOS [ states/ eV ]

1-1

O

0.55

0.50

1-3

0.50

1-2

Cu

Cu
0.45

0.45

0.40
0.35

N0 [ states / eV ]

DOS [ states / eV ]

1-2

0.40

Cu

0.30
-0.04

1-4

Cu

0.35

1-1

-0.02

0

0.02

Energy [eV]

0.30
0.04 -0.04

-0.02

0

0.02

0.04

Energy [eV]

Figure 6. Selected Cu( d x 2 − y 2 ) and O( p x ) contributions to
the density of states in states per eV stemming from the
respective atomic spheres for two different doping
concentrations. The vertical lines indicate the Fermi level.

same energy, but exhibit different behavior in the energy
region around. In particular, at optimal doping, the peaks
become sharper, and are sitting at the Fermi level.
To show this, the site-projected densities of states for
δ = 0.167 and 0.22, are presented in figure 6,
highlighting the contributions of selected copper and
oxygen spheres. Alike the charge carriers, the DOS’s
also exhibit pronounced inhomogeneities. This feature is
much more pronounced when moving away from the
Fermi level in the range of 0.05 eV which is a typical
energy scale of quasiparticles mediating the pairing.
Similarly, the pinning of the saddle point to the
Fermi level also shows up in the DOS upon applying
pressure as depicted in figure 7. For Hg1201, the
shoulder in the DOS is located at -0.5 eV but moving up
towards EF with pressure, where the density of states at
the Fermi level N0 is only slowly varying for higher
pressure values (see figure 8). N0 is getting larger with
the number of layers, where the pressure-induced
increase is nearly the same for n=1, 2, and 3. The reason
for the latter fact is that with additional CuO2 layers the
corresponding bands are not fully degenerate but exhibit
a certain splitting which does not allow all the
corresponding shoulders to sit at EF at the same time.
Thus, the pressure-effect on the DOS is independent of
the number of layers, at least up to n=3. This trend goes
hand in hand with the critical temperature and with the
number of holes, as we will see below.

5. Charge distribution

Without a detailed knowledge of how doping influences
the number and the character of carriers, also the
superconducting properties will lack a profound
understanding, since the actual amount of holes is dopingdetermined. Yet, the knowledge about the relationship
between these two physical quantities is scarce. In fact,
most of the theoretical models describing high-Tc
superconductivity use the hole content rather than the
doping level as the input parameter. In view of being able

3
2
1
0
4
3
2
1
0
5
4
3
2
1
0
-1

0 GPa
5 GPa
10 GPa
15 GPa

Hg 1201

δ=2/9
0.16

Hg 1212

δ=1/6
0.16

109

Hg 1223
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-0.5

0

0.5

1

Energy [eV]

Figure 7. Density of states N in states per eV and unit cell of
Hg1201, Hg1212, and Hg1223 for pressure values of 0, 5, 10
and 15 GPa.
to tune the properties of carriers and thereby Tc, a full
clarification of how doping affects the electronic structure
was highly desirable. In this context the questions were
raised, where the excess charge goes upon doping, how
doping influences the carrier concentration in the copperoxygen planes, and what the limiting factors for the
achievable amount of holes are [25].
Moreover, most theories for high Tc superconductivity
make use of another simplification to describe doping
effects by assuming the additional charge to be uniformly
distributed within the different sites of the same atomic
species in the CuO2 plane. However, there is strong
experimental evidence for intrinsic inhomogeneous charge
distribution in high Tc compounds. The existence of
stripes [55] in underdoped La2CuO4 and Bi based
compounds is one clear manifestation of this
inhomegeneity. In addition, there are other evidences of a
spatially non-uniform charge density. Scanning tunneling
microscopy experiments performed on Bi2Sr2CaCu2O8+δ
exhibited an inhomogeneous surface carrier distribution
on a length scale of 14 Å, in the normal as well as in the
superconducting state, [56]. where this inhomogeneity
was claimed to be an intrinsic property of this doped
material, i.e. not related to impurities. More recently, it
was found that the nanoscale electronic disorder in
cuprates can be traced back to inhomogeneities on the
atomic scale [57]. Local probes like nuclear quadrupole
resonance (NQR) and nuclear magnetic resonance (NMR)
experiments exhibit not only changes in the hole content
with doping, but also the existence of different sites of the
same species. This was seen in Tl based compounds [58]
and Sr doped La2CuO4.[59]. Since the spatial scale of
inhomogeneities is determined by the amount of dopants,
for doping levels in the regime of underdoped to optimally
doped, theoretical investigations on a scale of a few lattice
parameters were required.
In the following, we review the results of DFT
calculations on the charge distribution due to doping and
pressure. Focusing on the CuO2 planes, they have
revealed, that the inhomogeneity is pronounced, occurs on
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CuO2 layer. As described earlier, this leads to the hole
doping of the half filled Cu1(d x − y )-O1(px) band and
connects the structural properties with the band structure.
Table 3 shows the corresponding partial charges for Hg1202, Hg-1212, and Hg-1223. The copper charge in all
compounds show a decrease with pressure, which, in
case of the one and two-layered compound, is quite
large. This effect is observed despite the fact that due to
the constant atomic sphere radii a bigger fraction of the
volume is inside the spheres. This suggests that the effect
found is even a little underestimated. The opposite trend
is found for the oxygen atoms: Increasing pressure
increases the charges. This effect, however, is smaller
than the decrease of the copper charges and partly
originates in the constant atomic sphere radii, i.e. a
bigger fraction of the volume inside the spheres under
pressure.
The dependence of the charges on the number of
layers n shows the following behavior: The Cu charges
increase by inserting more layers up to three and drop
again slightly by going to four layers. Note that the
increase is more pronounced for higher pressures.
Although the number of pressure induced holes per
copper atom is smaller for the higher layered
compounds, the effect is still larger there due to the
higher number of layers. The oxygen charges, on the
other hand, do not show a strong dependence on n.
Relating again pressure to doping effects, we can
summarize that for both parameters, the number of holes
in the CuO2 planes is increased. While pressure mainly
affects the copper orbitals, in case of doping the oxygen
charges also decrease. To give a quantitative comparison
for the one-layer Hg-based compound, the change in the
2

2

Cu1(d x 2 − y 2 ) charge of 0.05 e corresponds to the
pressure of 15 GPa or doping δ ≈ 0.12. The picture for
comparing pressure and composition effects is similar.
By going from one to two and three layers the amount of
holes per copper atom is smaller, but due to more layers,
the effect is still larger for the structures with more
layers. By inserting the fourth layer, the number of holes
decreases again as the result of an increasing Cu2 charge.
It follows that the number of holes induced by any of the
three control parameters exhibits the same behavior as
the transition temperature [22].
5.2. Electric field gradients
The electron and nuclear charge densities produce a
highly non-uniform electric field within the unit cell
which can be probed by nuclear quadrupole and
magnetic resonance. In the cuprates, this is typically at
the sites occupied by 17O and 63Cu isotopes. A nuclear
quadrupole moment Q is coupled to the gradients of the
electric field [60] given by V αβ = ∂E α /∂x β , where Eα is
the component of the local electric field, and x β is the
Cartesian coordinate. The traceless tensor V αβ can be
diagonalized

in the principal axes as V γγ . The
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corresponding resonance at radio wave frequency (~108 s-1)
eQ
ω = V zz (1 + η 2 / 3)1/ 2 ,
(2)
2h
appears in the absorption spectrum of the system.
Ordering the tensor elements by their absolute value,
such that |V xx |≤|V yy |≤|V zz | , the asymmetry

(

)

parameter η is defined as V xx −V yy /V zz , where Vzz
is called the electric field gradient EFG. The
corresponding tensor components and asymmetry
parameters are given in Table 3. The changes in the
charge densities due to the doping affect the local
electric field, and, in turn, the Vzz parameter. Hence the
NQR lines split, and, therefore, the degree and the origin
of the inhomogeneity can be traced back from the
nuclear spin resonance data. Experimental data [59] on
EFGs in La2-xSrxCuO4 have revealed a doping-induced
upward shift of the mean copper EFG in the order of
10%, a splitting of the resonance line according to
different inequivalent sites, and a decrease in the
splitting of the resonant frequencies of two different Cu
sites with increasing doping. One can clearly conclude
from Table 3, that all these findings are consistent with
the DFT results. NMR measurements on Tl-based
compounds [58] exhibit changes in the copper and
oxygen EFGs of the order of 10% with doping, again
concomitant with the calculations. At the same time,
NQR data taken on Hg1202 also revealed an upward
shift with doping [61], which is, however, too large in
order to be understood in terms of oxygen-doping
induced holes only. It was argued that additional defects
[34,62] could be responsible for such a strong increase of
the resonant frequencies. The theoretical findings are
also in good qualitative agreement with the experimental
observations of Ref. [63] performed on under- and
overdoped HgBa2CuO4+δ crystals, where a shift, a
splitting, and a change of the in-plane 17O NMR line
width were revealed with the change of the doping
concentration.
To top the picture off, we mention that the electric
field gradient calculated for La2-xBaxCuO4 as a function
of doping shows the largest changes, i.e. a 30% decrease
in the absolute value for Vzz at the apical oxygen Oa site,
where the η parameter for the in-plane oxygen changes
from 0.38 to 0.30 by increasing x from zero to 0.14.

6. Lattice vibrations

Lattice vibrations in high-Tc cuprates attract attention as
a factor which can influence both the normal and
superconducting states, as well as possible mediators of
superconductivity. Knowledge of the strength of the
electron-phonon coupling and its changes with doping is
crucially important for this understanding. The phonon
frequencies and the matrix elements of electron-phonon
coupling are determined by the effect of the ion
displacements on the electron band structure.
Experimentally, phonons are seen directly in the inelastic
(Raman) light scattering and infrared light absorption
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experiments or indirectly in the experiments probing the
electron energy and decay, such as the angle-resolved
photoemission spectroscopy. In the latter, however, the
effects of band structure, phonon spectrum, and electronphonon coupling are presented in the integral form, and
are difficult to interpret. On the other hand, Raman
scattering shows phonons with zero momentum, with
well-defined frequencies, where the role of electronphonon coupling can be clearly seen as the line
broadening, lineshape, and, up to a certain extent, in the
scattering intensity. Here we first shortly describe how to
calculate phonon modes and electron-phonon coupling.
Then we discuss the results for YBa2Cu3O7 and the Ba
doped Zurich oxide, La2-xBaxCuO4, before we again turn
to the Hg based cuprates.
6.1. Phonon frequencies and eigenvectors
To find the frequencies and eigenvectors of the zeromomentum phonons, the total lattice energy Etot can be
expanded as a function of the ion displacements in the
form:
1
E tot = A 0 + ∑ A j u αj + ∑ ∑ A jl u αj u lβ
2 j ,α l ,β
j ,α
(3)
1
α β γ
+ ∑ ∑ ∑ A jlm u j u l u m + … ,
6 j ,α l ,β m ,γ

where the elements of the matrices Aj, Ajl, and Ajlm
correspond to the force constants with Ajlm presenting the
lattice nonlinearities. Here j, l, m are Cartesian indices
and α , β , and γ numerate the ions. The resulting
dynamical matrix can by simplified by the analysis of
the irreducible representations of the unit cell symmetry
group. A more efficient procedure to obtain the
frequencies and eigenvectors of the Γ -point vibrations
is based on the direct calculation of interatomic forces
[10]. LDA calculations for the fully symmetric phonon
frequencies in YBa2Cu3O7 yielded results[7,8,10] which
agree with experiment within 10-15%. An even better
agreement [9] could be achieved by employing the
generalized gradient corrections (GGA), and by
optimizing the unit cell parameters [12]. A comparison
of the LDA and the GGA results for the fully-symmetric
phonons in GdBa2Cu3O7 and PrBa2Cu3O7 has recently
been given in Ref. [41]. A very high accuracy could also
be achieved for the B2g and B3g phonon frequencies in
YBa2Cu3O7 [15]. But not only the vibrational
frequencies, but also the calculated eigenvectors turned
out to be in excellent agreement with experiment [9,15].
A comprehensive analysis of the phonon frequencies
as a function of Ba doping has been performed in Ref.
[44]. It was found that for the high-frequency Ag and Eg
modes the frequency shifts with doping less than in 1%,
while for the low-frequency Eg mode associated with
La/Ba vibrations the frequency is increased by a factor
of two when x is close to 0.14.
The phonon modes for the Hg compounds were
investigated within the PhD thesis of H. Auer [45].
According to the factor group analysis for Hg-1201,
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there are four Raman-active zone center modes, two of
them having Ag, the other two Eg symmetry. The Ag
modes for the undoped compound are nearly perfectly
decoupled, such that one mode shows a pure Ba
displacement, while the other one represents a vibration
of the apical oxygen. Both exhibit an increase in the
vibrational frequency by applying pressure: ωOa goes
from 590 to 603 cm-1 (with one cm-1 ≈ 0.12 meV), while
ωBa increases from 144 to 152 cm-1, when the unit cell
volume is decreased by 8%, where the optimized lattice
parameters have been the starting point. For Hg-1212,
there are four total-symmetric modes, with vibrational
frequencies of 595, 382, 147, and 81 cm-1, respectively.
The mode highest in frequency is an Oa vibration, the
next one a nearly pure oscillation of the plane copper
atom O1, while the two lowest ones are found to be outof-phase and an in-phase vibrations of Cu1 and Ba,
respectively. Their pressure-dependence is similar as for
the Hg-1201 vibrations in the sense that all of them
increase in frequency, where the effect is most
pronounced for the mode lowest in energy. For Hg-1223,
the five Ag modes at 592, 369, 273, 147, and 73 cm-1
correspond to displacements of Oa, O1 with some out-ofphase movement of Ca, Ca with some in-phase
movement of O1, and again the out-of-phase and an inphase vibrations of Cu1 and Ba, respectively. For Hg1234, 7 Ag modes are present at 599, 382, 364, 239, 142,
112, and 85 cm-1. Now the second CuO2 layer also takes
part in the four vibrations lowest in energy, where the
112 cm-1 is clearly dominated by the Cu2 oscillation.
Concerning the phonons, doping has only been
treated by the VC approximation and for the one-layer
material Hg-1201. It hardly affects the Ba mode, but
dramatically decreases the apical oxygen mode in the
lower doping regime, while it increases again at higher
doping concentrations, i.e. in the optimal doping regime.
6.2. Raman scattering and electron-phonon coupling
Lattice vibrations can change the bandstructure of the
crystal,
modulate
its
dielectric
function
ε jl (ω ) = 1 + 4πχ jl (ω ) and, hence lead to the Raman

scattering at the phonon frequencies. The dielectric
susceptibility of the solid is determined by

2
1
χ jl (ω ) = ∑ ∫ ik M j f k f k M l ik 
+
h i ,f
 ωfi (k ) − ω

 d 3k
1
,

ωfi (k ) + ω  ( 2π ) 3

(4)

where ωfi(k) is the interband transition frequency
between the initial ik
and final f k -states,
ik M j f k is the j component of dipole matrix
element, and the summation is performed over all
allowed transitions. The lattice displacements alter the
dielectric susceptibility by changing the interband
distances and the transition matrix elements. Therefore,
the scattering intensity is a possible measure of the
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electron-phonon coupling strength. Moreover, by
changing the light frequency, one can see how the
phonons interact with the electron states resonating with
the given light frequency. LDA calculations of the
phonon Raman scattering in YBa2Cu3O7 showed a very
good agreement with experiment in terms of the phonon
frequencies, their scattering intensities, as well as their
dependencies on the exciting photon energy [15]. The
salient features of the Raman spectra of YBa2Cu3O7 are
(i) a strong Raman scattering by the vibrations of the
apical oxygen ion with the frequency close to 500 cm-1,
when both, the incident and scattered light are polarized
along the z-axis, (ii) similar resonant dependencies in
this scattering geometry of this mode and the in-phase zaxis-vibrations of the plane oxygen ions at ≈ 440 cm-1,
and (iii) a high scattering intensity for the out-of phase
vibrations along the z-axis of the plane oxygens at ≈ 340
cm-1. All these and other findings were be reproduced
and quantitatively explained by the calculation.
Therefore, DFT can well describe the band structure,
optical transitions, and the relevant electron-phonon
coupling. The Raman intensity in La2-xBaxCuO4 showed
a pronounced doping-induced increase [44]. This effect
reveals the doping-related changes in the band structure
and electron-phonon coupling.
An analysis of the lattice dynamics and Raman
scattering in Hg-based compounds [45] based on the
computational procedure introduced in Refs [9] and [15]
exhibited similar trends as observed in YBa2Cu3O7 and
La2-xBaxCuO4 concerning the dependence of the Raman
spectra on the band structure and agree with available
experimental data [65].
Raman scattering corresponds to the electron-phonon
coupling for electrons in the entire Brillouin zone and
even in different electron bands. Hence the information
of all electron bands within a few eV and their response
to the lattice vibrations is needed. By resonant Raman
scattering one can even probe the coupling of the
electronic subsystem to the lattice in dependence on the
energy of incoming light. The typical Raman scattering
experiments are carried out with light beams in the
visible region, i.e. they don’t probe the energy scale of
the boson, which mediates the Cooper pairing.
For the quantitative understanding of the role of
electron-phonon coupling for the electron self-energy
and for phonon-mediated superconductivity, the detailed
information on those electronic states near the Fermi
surface is required, which interact with the phonons.
Therefore, the electron-phonon coupling constants
should be computed for arbitrary momentum transfer
within the energy scale of the boson around the Fermi
level. Their estimates from first principles have been
performed in early DFT calculations of the high- Tc
cuprates [7,8,66,67]. Within the first-principles scheme,
such calculations can be carried out within linearresponse theory, where a pattern of atomic displacements
is considered as a perturbation to the equilibrium
configuration, and the corresponding changes in the
electronic properties are obtained as a response to it.
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Besides simple systems, this procedure has been applied
so far to the CaCuO2 [68], the undoped La2CuO4, [11], to
YBa2Cu3O7 [69], and the most investigated
superconductor of recent years, MgB2 [70]. Its wider
application to the high-Tc cuprates could be a promising
tool for their understanding.
Another interesting effort [52] to obtain the coupling
of the boson mediating the Cooper paring from DFT
results, was made for the Hg-based family. Thereby, the
knowledge of the calculated DOS was used and related
to the superconducting properties of these compounds:
Knowing on the one hand, the pressure dependence of N0
from the theoretical side, and Tc from the experimental
side, one could estimate the effective dimensionless
coupling constant λ ~N0, assuming a BCS-like behavior,
i.e. Tc ~ ωB exp(-1/λ), valid for the weak coupling for
any type of the intermediate boson. Thereby, ωB is the
frequency of the boson. It should be noted, that the DOS
does not necessarily have to be assumed to be constant
near the Fermi level on the ωB scale, but it turned out to
be approximately the case and thus can be used for this
estimate. There were, however, several problems which
hampered a more quantitative comparison between
theory and experiment. First, the pressure dependence of
Tc has been measured on samples which include a
doping concentration close to optimal doping, while the
calculations had been performed for the undoped
material. Second, there are still big uncertainties in the
experimental data regarding defects and nonstoichiometry of the samples. And third, when dealing
with compounds with more than one layers, it is unclear
how to treat their contributions to Tc in the theoretical
considerations. Despite all these uncertainties, however,
conclusions were possible. From all theoretical doping
studies mentioned before, i.e. for YBa2Cu3O7,
La2-xBaxCuO4[44], and HgBa2CuO4+δ [25], it was know
that at optimal doping the saddle point is pinned to the
Fermi level. Since in Hg-1201, the vHs reaches EF at
approximately 5GPa, this pressure value was interpreted
as the effective chemical pressure corresponding to
optimal doping in the sense that both, the optimal doping
and this pressure lead to similar, important band
structure effects in the vicinity of the Fermi level. The
changes of Tc due to pressure were assumed to occur on
top of the doping-induced Tc, i.e. are of the order of 1020%. From a comparison of the pressure-induced change
of Tc with the change of N0, λ could be estimated to be of
the order of one, where a possible pressure-induced
enhancement of ωB can only increase this estimated
value. A electron-boson coupling constant of this order
has indeed been extracted recently [71] from the analysis
of electron damping observed in electron Raman spectra
of HgBa2CuO4+δ.

7. Summary and outlook

To summarize, we have reviewed ab-initio calculations
for the electronic properties, lattice dynamics, and
phonon Raman scattering in high-temperature cuprates.
The method allows to directly calculate physical
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observables such as densities of states, electric field
gradients, optical properties, phonon modes, and Raman
scattering intensities with high accuracy. All these
quantities have been obtained as a function of doping
and pressure, and are excellent agreement with
experiment. Other important physical effects, such as the
influence of doping and pressure on the superconducting
properties, the origin of the optimal doping,
inhomogeneity effects observed in local-probe
experiments, the difference between the local and
macroscopic probes, the influence of doping on the
chemical bonds, the strength of electron-boson coupling,
responsible for superconductivity can be either extracted
from or understood on the basis of the first-principles
results.
Some important recent achievements, which open
new roads for first-principles calculations, have to be
mentioned to give an outlook on the future abilities of
these techniques. First, despite the success of all the
calculations mentioned above, one should keep in mind
that the treatment of strong electron correlations is still
not solved. The application of LDA+U has been
mentioned already in this context [72]. Also selfinteraction correction has led to an improvement of the
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