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Abstract

In this article nucleons are discussed based on constituent quark model. This model aims at studying the forces among three particles
and the corresponding standard two-body potential contribution. The quark potential contains a hypercentral interaction. The
confining potential is composed of four components: color charge, the oscillatory potential, the interaction quark and neutral gluon,
and the dipole — dipole electromagnetic interaction. Dirac equation can be solved carefully and analytically by means of these
potentials. In addition to the above potentials, there is a hyperfine potential which is related to isospin — isospin and spin —isopin
interactions. These potentials were considered as perturbation potentials and their energy shift was calculated.
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1. Introduction
Nucleons are usually described quite well by different
Constituent Quark Models (CQM). Constituent Quark
Models have been widely used recently for investigation
of nucleon structure. There are different methods for
studying the nucleons. Although many different
potentials for quarks have been studied but the study of
the structure of nucleons is not sufficient. In this paper
we take the potential between quarks as hypercentral.
This potential has four subcomponents.

The first potential is the corresponding short range
interaction which has an attractive hyper coulombic

. . c o
potential ,can be considered as ——. [1,2,3] it originates
X

from the interaction of color charge. In this formula x is

the hyperradius defined in terms of quarks interaction
[4,5,6,7]:

x=Npt A ey, (1)

p and A are Jacobin coordinates and & is hyperangle,

together with the angles Q Q, while at large

p 2

separations the hyperoscillator potential which has a

two-body character turns out to be hypercentral. This

potential can be formulated as follows.

v *iilk( ) =2kx? —ax’ 2)
h'O_i<j2 ri I"j —2 X =ax -

These terms show the oscillation of one quark relative to

the other quarks [8, 9, 10, 11, 12].
The other potential is the interaction of one quark
with a neutral gluon. This interaction can be shown as

v(x) = d—4 , the origin of which is the electrical
X

charge.

The last potential is the interaction of one color
magnetic filed with the external dipole field of the other
interaction containing the spin-spin.
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This formula can be simplified as: v(x)= - where
X
CrlgS12 .
== and sy, is tensor operator.
m

Extra hyperfine dependent quark potential which
contains isospin-isospin dependent H;(x) and spin —
isospin dependent Hg;(x) are also important. The

interaction will be complete by adding the following
components.

H(x) =v(x)+ H;(x) + Hgy (x). “
In this formulation v(x) is the confining potential. The

interaction hyperfine potential isospin is more important
in the quark interaction.
The aim of this paper is threefold: adding v(x) to the
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Dirac equation, providing an exact solution, and finally
considering the hyperfine interactions as perturbation
potential thereby calculating first order energy shift.

2. Dirac equation with hypercentral potential
The Dirac equation may transform in various ways under
a Lorentz transformation. The form in common use for

scalar hypercentral potential (u3) and vector
hypercenteral (vg) is:

(o.p)x +(m+ug+vp)p =ep (5-a)
(o.p)p—(m+ug—vo)y =y . (5-b)

The internal quark motion is described by Jacobian
coordinates:

_Hh-h I Bt
V2 J6

By using the Jacobin coordinate for p,A the Dirac

(6)

equation for the A component is as follows:
(o.pp)x+(m+ug+vy)p=cp , (7-a)

(a.pp)p—(m+ug—vo)y =&y . (7-b)
In the introduction section of the article we assumed four
potentials. Now in the foregoing equations we can

replace v((x) with the defined components [13,14 ,15]:
2140()6) = 2V0(x) :(ax2 _£+i+i) .
x

x> Xt

Now by combining (7-a) and (7-b), we obtain:
pfgo+(m2—52)¢)+2u0(m+g)(p=0 . (8)

To avoid repletion, it should be noted that the same
calculations can be applied to p component.

Py lp+(m? —e?)p+2ug(m+e)p=0 . )
By adding (8) and (9), we can get to:
2 s o2k 2 -

By +P P+ )o+4uy(m+e)e=0 . (10)
For the upper component, the wave function can be
taken as follows:

¥p=0(Pp>P2) =u(p)u(p)u(p3) AP, p3) (11)
where  ¢(p,,p,) is the eigenfunction and the

parenthetical obtained from:
_P1— P2

pp_ \/5

u(p;) is the Dirac spinor of the i-th quark and p; is

operators can be

_Pt+pa=2p;
6

and p;, , and where

momentum of the i-th quark in the nucleon rest frame.

The internal quark motion is usually described by
means of the Jacobi relative coordinates. By separating
the common motion, the P? operator of a quark in the 3q
system becomes (7 =c¢ =1) [2].

2 2
o 3L (29)) . (12)

(M%) + A2 )= (——+
8x2

The eigenvalues of I? (QQ) are given I? Q) ==y(y+4
where y is the grand angular quantum number and can
be given by y =2n+1, +1,. In this relation /,, ,/; are
the angular moments associated with the p and A

variable. Considering the defined potentials, (10) can be
embedded in (12) and the result will be:

2 2
{did_Lz :{Z(gz—mz)—(g+m)(ax2‘i+b3+i)}(/7~
X X

(13)
To simplify the above equation, we can replace the
constants as follows:
E:Z(z:2 —m2) , =(e+m)a, B =(s+m)b,
Ci=(e+m)c, Di=(s+m)d .

(14)

With the foregoing assumptions at hand, eq. (13) can be
simplified as:

2,1 By Dy yo+d)|
(d'(x)+ L e e }/0. (15)

This equation is too difficult to solve. However the
author found an ansatz solution [16, 17].

¢(x) = h(x) exp[y(x)] . (16)
We logically propose A(x) and y(x) as functions the
coefficients of which should be determined [18, 19].

h(x)=1, (x)=_?1ax2 ﬁ+§Ln(x) (17)

We put the answer to eq. (16) in eq. (15). From the
equality of the coefficients we have:
(8 -m?)
23+y)

Taking this answer, now we can obtain the coefficients
ineq. (14).

_ 43
Te-m©

p=y (18)

P G W A V) SN CL s 9 i
EREEI R e2-m? (e2 —m?)?
(19)

with the obtained coefficients, we can now obtain the
upper component as follows:

(y+3)c
(e—m)x

1 (g2 —m )x2
4 (3+7)

P(x) = x> exp(—— ) . (20)

The lower component y of the Dirac hyper-central
spinor can be derived from eq. (5) y can be derived
from eq. (5-b) as follows:

o.

__(opy)e _ @
(m+¢)

If we add these two equations and take p=p;+p,,

then:
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X == % (22) ,(;LZ
Hy=d; )y ———e 1 (I,1)), (25)
Based on the upper and lower components the wave i<j (\/_ 7o)

functions for grand state, i.e., y=/=0 would be as

follows:
exp(—%axz—é)

w(x)= igx i( N e iy 5) ) (23)
2ermyde P x

For a closer study of the structure of nuclons, the
potentials spin-isospin should also be taken into account.
In what follows we will introduce these potentials. This
will help us to calculate the energy shifts based on
perturbation theories.

3. The effect of spin-isospin interaction in
structure of nucleon

There are different motivations for the introduction of a

residual flavor dependent term in the three quark

interaction. The standard hyperfine interaction is used to

reproduce the splitting within the SU (6) multiplets. It

contains a J -like term which is an illegal operator [20]:

f(—> i=3
Bs —e 2. G (24)

i<j

HSpm

where s; is the spin operator of the i7-th quark and

x =1y is the relative quark pair coordinate. The strength

of the hyperfine interaction is determined by the A— N
mass difference. The fitted parameters are :
B, =1964 fm*, Ay =1.6 fm.

To introduce the isospin nonconfing potential we
have the Chiral Constituent Quark Model (CQM)
[21,22]. The nonconfining part of the potential is
provided by the interaction with the Goldstone bosons,
giving rise to a spin- and isospin dependent part, which
is crucial for the description of the spectrum for energies
lower than 1.7 GeV. It has also been pointed out quite
recently that an isospin dependence of the quark
potential can be obtained by means of quark exchange.
More generally, one can expect that the quark-antiquark
pair production can lead to an effective quark interaction
containing an isospin (or flavour) - dependent term. On
the other hand, the fact that the constituent quark model
does not explicitly contain this mechanism, may account

for the low Q2

transition in which form factors are not reproduced. With
these considerations, we have introduced isospin-
dependent terms in the hCQM Hamiltonian. To this end
we have added two terms in the three-quark Hamiltonian
with the hyperfine interaction.

The first one depends on the isospin-isospin and has
the form:

behaviour of the electromagnetic

where /; is the isospin operator of the quark and x=r;;

is the relative quark pair coordinates and A; =51.7 fm2 ,
oy =345 fm
Based on the perturbation theory for the grand state
¢ =0, first order shift energy can be shown as :All and
the value of which was calculated.
Ay =-27.62(MeV) for I :%
A; =27.62 (MeV) for I =% (26)
The second potential is a spin-isospin interaction,
given by
2
—( ’/

o (si5 )30 ) @7

1
Hy =4y —Q ¢

i<j Wrzoy)

Where s; and I; are respectively the spin and isospin

operators of the /—h quark and x=7; is the relative

quark pair coordinate and Ag =-106.2 fm2
og =231 fm [22].

The first order energy shift can be shown as :AISI
and the value of which is as follows:

A, =-13.4(MeV) Sfor I=% and s=%.

(28)
In this paper we consider the completely interaction
between quarks in a nucleon including spin and isospin
interaction. The results are applied to all of the baryons
as well. The higher-order correction will give better
results. Since this model gives reasonable results, it
would lead us to determine the kind of modification
which yield the observable static properties of a nucleon
that is super singly close to the experiment and we can
determine the form factors of nucleons and root mean
square radius (RMS)

4. Conclusion
An exact analytical solution for potential in the form of
the confinement is presented. The hypercenteral
potential is a good starting point for investigation of
nucleon structure

A considerable improvement in the description of the
static properties of nucleon is obtained with an isospin-
dependent potential. In fact in this model the energy shift
comes from the spin —isospin term is considerable. By
Using this model we can investigate the other baryons.

The splitting which are in general spin and isospin
dependent, can be treated pertubatively. Finally one can
use this model and determine the mass of baryons.
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