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Abstract 
In this paper, the rotating black brane solutions with zero curvature horizon of classical gravity with first order string corrections are 
introduced. Although these solutions are not asymptotically anti de Sitter, one can use the counterterm method in order to compute 
the conserved quantities of these solutions. Here, by reviewing the counterterm method for asymptotically anti de Sitter spacetimes, 
the conserved quantities of these rotating solutions are computed. Also a Smarr-type formula for the mass as a function of the 
entropy and the angular momenta is obtained, and it is shown that the conserved and thermodynamic quantities satisfy the first law of 
thermodynamics. Finally, a stability analysis in the canonical ensemble is performed, and it is shown that the system is thermally 
stable. This is in commensurable with the fact that there is no Hawking-Page phase transition for black object with zero curvature 
horizon. 
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1. Introduction 
It follows directly from the observation of high red-shift 
supernova [1] and indirectly from the measurement of 
angular fluctuations [2] of cosmic microwave 
background fluctuations that, at the present epoch, the 
universe expands with acceleration instead of 
deceleration along the scheme of standard Friedmann 
models. These astrophysical data have created a great 
deal of attention to the asymptotically non-flat 
spacetimes. As it is known asymptotically flat 
spacetimes are the solutions of Einstein equation without 
cosmological term, and therefore it seems natural to use 
other consistent theory of gravity with a more general 
action. This action may be written, for example, through 
the use of string theory. The effect of string theory on 
classical gravitational physics is usually investigated by 
means of a low energy effective action which describes 
gravity at the classical level [3]. This effective action 
consists of the Einstein-Hilbert action plus curvature-
squared terms and higher powers as well, and in general 
give rise to fourth order field equations and bring in 
ghosts. However, if the effective action contains the 
higher powers of curvature in particular combinations, 
then only second order field equations are produced and 
consequently no ghosts arise [4]. The effective action 

obtained by this argument is precisely of the form 
proposed by Lovelock [5]. The string tree level effective 
action for the massless boson sector with Lovelock term 
in the unit system ,1== cGn in vacuum may be written 
as [6]:  
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where α′ is the string expansion parameter. Appling a 
conformal transformation ( µν

Φς
µν geg = ) one obtains 

the action in the Einstein frame 
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where ),1/()3(,,3/)9( 2
0 −−=′=′−= nn n ςβαλααΛ

)1/(4 −= nς and GBL is the Gauss-Bonnet term, 
µνλκ

µνλκ
µν

µν RRRRR +−= 42
GBL ,

which is the leading order quantum gravity correction in 
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the heterotic closed string theory at tree level. 
 µνRR, and µνλκR are the Ricci scalar, Ricci and 

Riemann tensors of the metric µνg of the manifold M .
Choosing the Gauss-Bonnet combination for the term 
quadratic in the curvature requires that one should also 
consider the term quartic in ,Φ∇ as given in eq. (2). It is 
worthwhile to note that the Gauss-Bonnet term couples 
to the scalar fieldΦ .

In this paper, I consider the rotating black brane 
solutions of the action (2) with 0=α . I also study the 
phase behavior of the rotating black branes in )1( +n
dimensions with zero curvature horizon and show that 
there is no Hawking-Page phase transition in spite  
of the angular momentum of the branes. This is 
incommensurable with the fact that there is no Hawking-
Page phase transition for a black object whose horizon is 
diffeomorphic to Rp (p-brane solution) and therefore the 
system is always in the high temperature phase [7]. 
 The outline of this paper is as follows. I give a brief 
review of the field equations in Sec. 2. In Sec. 3, I 
review the counterterm method inspired by the AdS/CFT 
correspondence in order to compute the conserved 
quantities of asymptotically (A)dS spacetimes, and 
generalize it in order to find the conserved quantities of 
the solutions of Einstein-dilaton gravity with zero 
curvature boundary. In Sec.4, I study the 
thermodynamics of the black branes, and perform a 
thermal stability analysis. I finish the paper with some 
concluding remarks. 
 
2. Field equations 
Varying the action given in eq. (2) with respect to µνg
gives the gravitational field equation in vacuum  
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where µνG is the Einstein tensor, 
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is the Gauss-Bonnet tensor. 
 The equation of motion for the dilaton field Φ can 
be find by the variation of the action (2) with respect to 

Φ as  
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 The left hand side of eq. (3) is just the Einstein 
equation in vacuum, while the terms in the right hand 
side come into play by string theory. In the absence of 
dilaton field, eq. (3) reduces to the field equation of 
Einstein-Gauss-Bonnet gravity. Static spherically 
symmetric black hole solutions of the Gauss-Bonnet 
gravity were found in Ref. [8], while black hole 
solutions with nontrivial topology were studied in Refs. 
[9]. All of these known solutions are static. Recently I 
introduced two classes of asymptotically anti-de Sitter 
rotating solutions in the Einstein- Gauss-Bonnet gravity 
and considered their thermodynamics [10]. Also I 
considered asymptotically flat, AdS and dS solutions of 
Gauss-Bonnet gravity without cosmological term [11]. 
 In this paper I consider the field eqs (3) and (4) with 

0=α in vacuum. The static solutions of these field 
equations have been investigated by many authors. The 
static spherically symmetric solutions of these eqs with 
positive, negative and zero curvature horizons have been 
considered in [12]. I will consider the rotating solutions 
of these field equations. 

 
3. The conserved quantities 
The concept of action and energy momentum play 
central roles in gravity, but as it is known there is no 
good local notion of energy for a gravitating system. A 
quasilocal definition of the energy and conserved 
quantities can be found in [13]. The known obstacle to 
the straightforward definition of the gravitational action 
and therefore the conserved quantities of a gravitating 
system is that the action and therefore all the conserved 
quantities diverge. An approach toward evaluating them 
has been to carry out all computations relative to some 
reference spacetime that is regarded as the ground state 
for the class of spacetimes of interest. This is done by 
taking the original action for gravity fields and 
subtracting from it a reference action 0I , which is a 
functional of the induced metric γ on the boundary M∂ .
Conserved quantities are then computed relative to this 
boundary, which can then be taken to (spatial) infinity if 
desired. 

 This approach has been widely successful in 
providing the conserved quantities of the system in 
regions of both finite and infinite spatial extent. 
Unfortunately it suffers from several drawbacks. The 
choice of reference spacetime is not always unique [14], 
nor is it always possible to embed a boundary with a 
given induced metric into the reference background. 
Indeed, for Kerr spacetimes this latter problem forms a 
serious obstruction towards calculating the subtraction 
energy, and calculations have only been performed in the 
slow-rotating regime [15]. 
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An extension of this approach was developed for 
asymptotically AdS spacetimes based on the conjecture 
AdS/CFT correspondence [16]. Since quantum field 
theories in general contain counterterms, it is natural 
from the AdS/CFT viewpoint to append a boundary term 

ctI to the action which depends on the intrinsic 
geometry of the (timelike) boundary at large spatial 
distances. This requirement, along with general 
covariance, implies that these terms be functionals of 
curvature invariants of the induced metric and has no 
dependence on the extrinsic curvature of the boundary. 
An algorithmic procedure [17] exists for constructing 

ctI for asymptotically AdS spacetimes, and so its 
determination is unique. Addition of ctI will not affect 
the bulk equations of motion, thereby eliminating the 
need to embed the given geometry in a reference 
spacetime. Hence conserved quantities can now be 
calculated intrinsically for any given spacetime. 
 The AdS/CFT correspondence is now a fundamental 
concept which furnishes a means for calculating the 
action and conserved quantities intrinsically without 
reliance on any reference spacetime [18]. This conjecture 
has been recently extended to the case of asymptotically 
de Sitter spacetimes [19, 20]. Although the (A)dS/CFT 
correspondence applies for the case of spatially infinite 
boundary, it was also employed for the computation of 
the conserved and thermodynamic quantities in the case 
of a finite boundary [21]. This conjecture has also been 
used for the case of black objects with nonspherical 
horizons [22]. Here, for completeness I give a brief 
review of the counterterm method inspired by the 
(A)dS/CFT correspondence. 
 If the manifold M has a boundary M∂ , then 
variational principle of the action (2) on the boundary is 
ill-defined. In order to have a well-defined variational 
principle on the boundary for the case of 0=α , one 
should add the Gibbons Hawking boundary term 
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to the action (2), where )(γK is the trace of the extrinsic 

curvature µνK of any boundary(ies) M∂ of the 
manifold M , with induced metric(s) ijγ . In general the 
action (2) and (5) are both divergent when evaluated on 
the solutions, as is the Hamiltonian, and other associated 
conserved quantities. The AdS/CFT correspondence 
states that if the metric near the conformal boundary 
( 0→x ) can be expanded in the asymptotically AdS 
form, 

ji
ij dxdx

xxl
dxds γ222

2
2 1

+= , (6) 

with nondegenerate metric ijγ , then one may remove 
the divergent terms in the action by adding a 
counterterm action, ctI , which is a functional of the 
boundary curvature invariants. The counterterm for 

asymptotically AdS spacetimes up to seven dimensions 
is
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where ijklRR, , and ijR are the Ricci scalar, Riemann 

and Ricci tensors of the boundary metric ijγ , and 

)(xΘ is the step function which is equal to one for 
0≥x and zero otherwise. Although other 

counterterms (of higher mass dimension) may be added 
to ctI , they will make no contribution to the evaluation 
of the action or Hamiltonian due to the rate at which 
they decrease toward infinity. 
 Of course, for even n one has logarithmic 
divergences in the partition function which can be 
related to the Weyl anomalies in the dual conformal 
field theory [23]. These logarithmic divergences 
associated with the Weyl anomalies of the dual field 
theory for 4=n and 6=n are [24]: 
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In eqs. (8) and (9) 0R and 0R ij  are the Ricci scalar and 
Ricci tensor of the leading order 
metric 0γ in the following expansion: 

...44220 +++= ijijijij xx γγγγ , (10) 

and iD is the covariant derivative constructed by the 

leading order metric 0γ .
Having the total finite action 

ctbG IIII ++= (11) 
one can use the Brown and York definition [13] to 
construct a divergence free stress-energy tensor as 
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The above stress-tensor is divergence free for 6=n , but 
one can always add more counterterms to have a finite 
action in higher dimensions (see e.g. [17]). 
 To compute the conserved charges of the spacetime, 
one should choose a spacelike surface B in M∂ with 
metric abσ , and write the boundary metric in ADM 
form: 

))((2 dtVddtVdNdtdxdx jjii
ab

ji
ij +++−= ϕϕσγ ,

where the coordinates iϕ ’s are the angular variables 
parameterizing the hypersurface of constant around 
the origin, and N and iV are the lapse and shift 
functions respectively. When there is a Killing vector 
field ξ on the boundary, then the quasilocal conserved 
quantities associated with the stress tensors of eq. (12) 
can be written as 

∫ −=
B
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where σ is the determinant of the metric abσ , and iξ

and jn are the Killing vector field and the unit normal 
vector on the boundary B . For boundaries with timelike 
( t∂=ξ ) and rotational ( ϕζ ∂= ) Killing vector fields, 
one obtains the quasilocal mass and angular momentum 
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provided the surface B contains the orbits of ζ . These 
quantities are, respectively, the conserved mass and 
angular momentum of the system enclosed by the 
boundary B . Note that they will both be dependent on 
the location of the boundary B in the spacetime, 
although each is independent of the particular choice of 
foliation B within the surface M∂ . In the context of 
AdS/CFT correspondence, the limit in which the 
boundary goes to infinity is taken, and the counterterm 
prescription ensures that the action and conserved 
charges are finite. 
 However, in the presence of a non-trivial dilaton field, 
the asymptotic behavior of the spacetime is neither dS 
( 0>Λ ) nor AdS ( 0<Λ ). In fact, it has been shown that 
with the exception of a pure cosmological constant 
potential, where 0=ς , no asymptotically AdS or dS 
static spherically symmetric solution exist [25]. But, as 
in the case of asymptotically AdS spacetimes, according 
to the domain-wall/QFT correspondence [24], there may 
be a suitable counterterm for the stress energy tensor 
which removes the divergences. For the spacetimes with 
zero curvature boundary [ 0)( =γijklR ], the counterterm 

(7) for the action is proportional to ijγ . Thus, the finite 

stress-energy tensor in )1( +n -dimensional Einstein-
dilaton gravity with cosmological constant may be 
written as 
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As ς goes to zero, the effective 2
effl of eq. (17) reduces 

to Λ2/)1(2 −−= nnl of the AdS spacetimes. The first 
two terms in eq. (16) is the variation of the action (5) 
with respect to ijγ , and the last term is the counterterm 
which removes the divergences. One may note that the 
counterterm has the same form as in the case of 
asymptotically AdS solutions with zero curvature 
boundary, where l is replaced by effl . Again the 
conserved quantities can be obtained through the use of 
eq. (13) with the stress tensor given by eq. (16). 
 
4. Thermodynamics of (n + 1)-dimensional 
rotating black branes with first order string 
corrections 
 Here I consider the thermodynamics of solutions of 
the field equations (3) and (4) with first order string 
corrections ( 0=α ). The rotation group in ( 1+n )-
dimensions is )(nSO and therefore the number of 
independent rotation parameters for a localized object is 
equal to the number of Casimir operators, which is 

kn =]2/[ , where ]2/[n is the integer part of 2/n . It is 
a matter of calculation to show that the following 
solution satisfies the field equations (3) and (4) with 

0=α :
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where ia ’s are the k rotation parameters, 2dX  is the 
Euclidean metric on the )1( −− kn -dimensional 
submanifold with volume 1−−knV , and )(rΦ and )(rf
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in which c is an arbitrary constant. It is worthwhile to 
note that the Ricci scalar goes to zero as ∞→ , and 
becomes infinite as goes to zero. 
 The Kretschmann scalar diverges at 0=r , it is finite 
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for 0≠r , and goes to zero as 
∞→ . Thus, there is an essential singularity located at 

0=r . The spacetime is neither asymptotically flat nor 
AdS, but has a regular event horizon for negative Λ at: 
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One can obtain the temperature and angular velocity of 
the horizon by analytic con-tinuation of the metric. The 
analytical continuation of the Lorentzian metric by 

τit→ and ii iaa → yields the Euclidean section, 
whose regularity at hrr = requires that one should 
identify hβττ +≈ and ihii i Ωβϕϕ +≈ , where hβ and 

iΩ are the inverse Hawking temperature and the angular 
velocities of the horizon. It is a matter of calculation to 
show that 
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Since the area law of entropy is universal, and applies to 
all kinds of black holes and black branes in Einstein 
gravity, the entropy per unit volume 1−−knV of the black 
brane is 
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where hr is the horizon radius. 
 The mass and angular momentum per unit volume 

1−−knV of the black brane when the boundary B goes to 
infinity can be calculated through the use of eqs. (14)-
(17), 
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 I now obtain the mass as a function of the extensive 
quantities S and iJ 's. Using the expression for the 
entropy, the mass, and the angular momenta, given in 
eqs. (22)-(24), and the fact that 0)( =hrf , one can 
obtain a Smarr-type formula as 
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One may then regard the parameters S and iJ ’s as a 
complete set of extensive parameters for the mass 

),( JSM and define the intensive parameters conjugate 
to S and iJ . These quantities are the temperature and 
the angular velocities 
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It is a matter of straightforward calculation to show that 
the intensive quantities calculated by eq. (26) coincide 
with temperature and angular velocities found previously 
in eqs. (20) and (21). Thus, the thermodynamic and 
conserved quantities calculated above satisfy the first 
law of thermodynamics, 
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5. Stability in the canonical ensemble 
The stability of a thermodynamic system with respect to 
the small variations of the thermodynamic coordinates is 
usually performed by analyzing the behavior of the 
entropy ),( JSM around the equilibrium. The local 
stability in any ensemble requires that ),( JSM be a 
convex function of their extensive variables. Thus, the 
local stability can in principle be carried out by finding 
the determinant of the Hessian matrix of S with respect 

to its extensive variables iX , ji
S

XX XXS
ji

∂∂∂= /2HHHH

[27]. Also, one can perform the stability analysis through 
the use of the Hessian matrix of the mass with respect to 
its extensive parameters [28]. In our case the entropy S is 
a function of the mass, and the angular momenta. The 
number of thermodynamic variables depends on the 
ensemble which is used. In the canonical ensemble, the 
angular momenta are fixed parameters, and therefore the 
positivity of the thermal capacity JJ TSTC )/( ∂∂= is 
sufficient to assure the local stability. The thermal 
capacity JC per unit volume at constant angular 
momenta is 
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which is positive. Thus, the )1( +n -dimensional rotating 
black brane solution (18) is locally stable in the 
canonical ensemble. 
 
6. Closing remarks 
In this paper I gave a brief review of the field equations 
of classical gravity obtained by the variation of the string 
tree level effective action for the massless boson sector 
with Lovelock term and also reviewed the counterterm 
method inspired by the AdS/CFT correspondence for 
computing the conserved quantities of asymptotically 
(A)dS spacetimes. In zero order in α , I found the 
rotating black brane solution of the field equations with 
zero curvature horizon, and computed its thermodynamic 
quantities such as temperature and entropy. Although the 
solutions of these equations are not asymptotically AdS, 
I found that one can use the counterterm method for the 
solutions with zero curvature boundary in order to 
calculate the conserved quantities. I used this method 
and obtained the mass and angular momentum of the 
rotating solutions and found that they satisfy the first law 
of thermodynamics.  
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Also, I studied the phase behavior of the rotating black 
branes in )1( +n dimensions and showed that there is no 
Hawking-Page phase transition in spite of the angular 
momentum of the branes. Indeed, I calculated the heat 
capacity and found that it is positive for all the phase 
space, which means that the brane is stable for all the 
allowed values of the metric parameters discussed in 

Sec. IV. This phase behavior is in commensurable with 
the fact that there is no Hawking-Page transition for 
black object whose horizon is diffeomorphic to pR and 
therefore the system is always in the high temperature 
phase [7]. 
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