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RULJLQDO� WUDQVIHU�PDWUL[�ZLWK� WKH�VXP�RI� WKH�HOHPHQWV�RI�RQH�RI� LWV� URZV��2XU�PHWKRG�UHVXOWV� LQ�VLJQLILFDQW�PDWUL[�VL]H�
UHGXFWLRQ�ZKLFK�LV�D�FUXFLDO�IDFWRU�LQ�GHWHUPLQLQJ�WKH�PD[LPXP�HLJHQYDOXH�
.H\ZRUGV��,VLQJ�PRGHO��3RWWV�PRGHO��WUDQVIHU�PDWUL[
���
���,QWURGXFWLRQ
7KHUH� DUH� WZR� JHQHUDO� DSSURDFKHV� IRU� GHULYLQJ� WKH�
SDUWLWLRQ�IXQFWLRQ�RI�WKH�,VLQJ�>�@�DQG�3RWWV�>�@�PRGHOV��D�
FRPELQDWRULDO� DSSURDFK�XVLQJ�JUDSKLFDO�PHWKRGV�DQG�DQ�
DOJHEUDLF� DSSURDFK� XVLQJ� WKH� PHWKRG� RI� WKH� WUDQVIHU�
PDWUL[��$OWKRXJK�DW�]HUR�PDJQHWLF�ILHOG��WKHUH�LV�DQ�H[DFW�
VROXWLRQ� IRU� WKH� ��GLPHQVLRQDO� ,VLQJ� PRGHO� WKHUH� LV� QR�
VXFK� D� VROXWLRQ� IRU� WKH���'�3RWWV�PRGHO�� ,Q� WKH�DEVHQFH�
RI� DQ� H[DFW� VROXWLRQ�� VHULHV� H[SDQVLRQV�ZKLFK� DUH� EDVHG�
RQ�WKH�JUDSK�WKHRU\��UHPDLQ�RQH�RI�WKH�PRVW�XVHIXO�WRROV�
LQ� WKH� LQYHVWLJDWLRQ� RI� WKH� SDUWLWLRQ� IXQFWLRQ� DQG� WKH�
FULWLFDO� SURSHUWLHV RI� D� PRGHO� V\VWHP�� )RU� D� KLVWRULFDO�
UHYLHZ�RI�WKH�VHULHV�H[SDQVLRQ�VHH�'RPE�>����@�DQG�:X�
>�@� DQG� %LJJV� >���@�� ,Q� DGGLWLRQ� WR� WKH� FRPSOH[�
FDOFXODWLRQ�� WKH� GLVDGYDQWDJH� RI� WKLV� PHWKRG� LV� WKH�
SUHFLVLRQ�RI�WKH�FDOFXODWHG�FULWLFDO�GDWD�ZKLFK�GHSHQGV�RQ�
WKH�QXPEHU�RI�WHUPV�LQ�WKH�WUXQFDWHG�VHULHV�

$PRQJ� WKH� PDQ\� YDULRXV� PHWKRGV� IRU� GHULYLQJ� WKH�
SDUWLWLRQ� IXQFWLRQ� RI� WKH� ��'� ,VLQJ� PRGHO�� WKH� WUDQVIHU�
PDWUL[�PHWKRG�LV�WKH�RULJLQDO�DQG�ROGHVW�DSSURDFK��([DFW�
H[SUHVVLRQV� IRU� WKH�HLJHQYDOXH�RI� WKH� WUDQVIHU�PDWUL[�DUH�

DYDLODEOH�IRU�DOO���'�,VLQJ�ODWWLFHV��QDPHO\�VTXDUH�>����@��
WULDQJXODU� >��@� DQG� KRQH\FRPE� ODWWLFHV� >�����@��
+RZHYHU�� WKHUH� LV� QR� VXFK� DQ� H[SUHVVLRQ� IRU� WKH� ��'�
3RWWV�PRGHO��,Q�D�UHFHQW�ZRUN��5DQMEDU�DQG�3DUVDIDU�>��@�
XVHG�D�ILQLWH�ZLGWK�ODWWLFH�WR�VHW�XS WKH�WUDQVIHU�PDWUL[�IRU�
WKH�VTXDUH�ODWWLFH�RI�WKH�,VLQJ�PRGHO��7KH�UHVXOWDQW�PDWUL[�
ZDV�VROYHG�IRU�WKH�PRGHO�ZLWK�WKH�ZLGWK�RI�HTXDO�RU�OHVV�
WKDQ� ��� VLWHV�� 6LQFH� WKH� RUGHU� RI� WKH� WUDQVIHU� PDWUL[�
EHFRPHV� WRR� ODUJH� IRU� WKH� 3RWWV� PRGHO�� WKH� PHWKRG�
FDQQRW� EH� H[WHQGHG� WR� GULYH� WKH� SDUWLWLRQ� IXQFWLRQ�
DQDO\WLFDOO\��7KLV�PHWKRG�ZDV�H[WHQGHG�E\�*KHDPL�HW�DO��
>��@� IRU� QXPHULFDO� FDOFXODWLRQV� RI� WKH� FULWLFDO�
WHPSHUDWXUH� LQ� WKH� ��'� ,VLQJ� DQG� WKH� ��'� WKUHH�VWDWH�
3RWWV� DQG���'� ,VLQJ�PRGHOV� E\� WKH�SDUDOOHO� FRPSXWDWLRQ�
PHWKRG��7KH�QXPHULFDO�PHWKRGV�ZKLFK�DUH�EDVHG�RQ�WKH�
WUDQVIHU�PDWUL[�DUH�OLPLWHG�WR�WKH�VL]H�RI�WKH�PDWUL[��

)LQLWH�VL]H� VFDOLQJ� �)66�� KDV� EFRPH� LQFUHDVLQJO\�
LPSRUWDQW� LQ� WKH� VWXG\� RI� FULWLFDO� SKHQRPHQD� >���� ��@��
7KLV� LV� SDUWO\� GXH� WR� WKH� SURJUHVV� LQ� WKHRUHWLFDO�
XQGHUVWDQGLQJ� RI� ILQLWH� ±VL]H� HIIHFWV�� DQG� SDUWO\� GXH� WR�
WKH� DSSOLFDWLRQ� RI� )66� LQ� WKH� DQDO\VLV� RI� UHVXOWV� IURP�
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VLPXODWLRQ� PHWKRGV�� )66� DOORZV� XV� WR� H[WUDFW� VRPH�
SURSHUWLHV� RI� WKH� LQILQLWH� V\VWHP� QHDU� D� SKDVH� WUDQVLWLRQ�
E\� VWXG\LQJ� ILQLWH�� QXPHULFDOO\� DFFHVVLEOH� VDPSOHV��
1LJKWLQJDOH� >��@� KDV� VKRZQ� KRZ� WKH� WUDQVIHU� PDWUL[�
PHWKRGV� >�����@FRXOG� EH� PDGH� PRUH� SRZHUIXO� E\�
FRPELQLQJ�WKHP�ZLWK�)66�WR�H[WUDSRODWH�WKHLU�UHVXOWV�IRU�
ILQLWH�V\VWHPV�WR�WKH�WKHUPRG\QDPLF�OLPLW�

,Q� WKH� SUHVHQW� SDSHU� ZH� LQWURGXFH� D� PHWKRG� IRU�
UHGXFLQJ� WKH� VL]H� RI� WKH� WUDQVIHU� PDWUL[�� LQ� VXFK� D� ZD\�
WKDW� WKH�PD[LPXP� HLJHQYDOXH� � PD[O �� UHPDLQV� WKH� VDPH�
IRU� ERWK� WKH� UHGXFHG� DQG� RULJLQDO� WUDQVIHU�PDWULFHV��:H�
KDYH�GHYHORSHG�DQ�DOJHEUDLF�PHWKRG�RQ�WKH�VWULS�RI�ILQLWH�
ZLGWK� VTXDUH� ,VLQJ� ODWWLFH� WR� ZULWH� WKH� RULJLQDO� WUDQVIHU�
PDWUL[� LQ� D� VSHFLDO� EORFNHG� IRUP�� ,Q� WKLV� IRUP� WKH� VXPV�
RI� URZ� HOHPHQWV� LQ� HDFK� EORFN� DUH� HTXDO�� 7KH� UHGXFHG�
WUDQVIHU�PDWUL[�LV�REWDLQHG�E\�UHSODFLQJ�WKH�EORFNV�RI�WKH�
RULJLQDO� WUDQVIHU�PDWUL[�ZLWK�WKH�VXP�RI URZ�HOHPHQWV�RI�
WKDW� EORFN�� 7KH� PD[O RI� ERWK� WKH� UHGXFHG� DQG� RULJLQDO�
WUDQVIHU� PDWULFHV� KDYH� EHHQ� FDOFXODWHG� DW� WKH� FULWLFDO�
SRLQW� IRU� ODWWLFH� PRGHOV� ZLWK� GLIIHUHQW� ZLGWKV�� ,W� LV�
REVHUYHG�WKDW�WKH� PD[O IRU�ERWK�WKH�UHGXFHG�DQG�RULJLQDO�
WUDQVIHU�PDWULFHV�DUH�LGHQWLFDO�

:H� KDYH� WKHQ� H[WHQGHG� WKH� PHWKRG� WR� WKH� WZR�
GLPHQVLRQDO��WKUHH�VWDWH�3RWWV�PRGHO�RQ�WKH�VWULS�RI�ILQLWH�
ZLGWK�VTXDUH�ODWWLFH��:H�KDYH�VKRZQ�WKDW�RXU�PHWKRG�FDQ�
EH�HDVLO\�XVHG�WR�REWDLQ� PD[O IRU� WKH ILQLWH�ZLGWK�VTXDUH�
3RWWV� PRGHO� IURP� WKH� UHGXFHG� WUDQVIHU� PDWUL[�� 7KH�
H[WHQVLRQV�RI�RXU�PHWKRG�WR�FDOFXODWH� PD[O ��RQ�WKH�VWULS�
RI� ILQLWH� ZLGWK� WULDQJXODU� ,VLQJ� DQG� 3RWWV� ODWWLFHV�� DUH�
JLYHQ�LQ�DSSHQGLFHV�%�DQG�&

���7ZR�GLPHQVLRQDO�,VLQJ�PRGHO
&RQVLGHU� D� VTXDUH� ODWWLFH� ZLWK� WKH� SHULRGLF� ERXQGDU\�
FRQGLWLRQ� FRPSRVHG� RI� VOLFHV�� HDFK�ZLWK�S� URZV��ZKHUH�
HDFK�URZ�KDV�U�VLWHV��(DFK�VOLFH�KDV�WKHQ� 1US  u VLWHV�
DQG�WKH�FRRUGLQDWLRQ�QXPEHU�RI�DOO�VLWHV�DUH�WKH�VDPH��,Q�
WKH� ��'� ,VLQJ� PRGHO�� IRU� DQ\� VLWH� ZH� GHILQH� D� VSLQ�
YDULDEOH ��M�L� r V �� LQ� VXFK� D� ZD\� WKDW� L ������� U DQG�
M ������� S�� :H� PD\� LQFOXGH� WKH� SHULRGLF� ERXQGDU\�
FRQGLWLRQ�DV�

������ MLMUL V �V ��������������������������� ���
������ MLSML V �V ����������������������������������������������������������

:H� KDYH� RQO\� WDNHQ� LQWR� DFFRXQW� WKH� LQWHUDFWLRQV�
DPRQJ�WKH�QHDUHVW�QHLJKERUV��7KH�FRQILJXUDWLRQDO�HQHUJ\�
IRU�WKH�PRGHO�LV�JLYHQ�DV��
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%\� VXEVWLWXWLRQ� RI� HT� ���� LQWR� HT������ WKH� FDQRQLFDO�
SDUWLWLRQ�IXQFWLRQ�FDQ�EH�ZULWWHQ�DV�IROORZ�>�����@��

= �.�� 7U��%�S������������������������������������������ ���

ZKHUH�% LV� WKH� WUDQVIHU�PDWUL[�DQG�7U�GHQRWHV� WKH� WUDFH��
7R� FRPSXWH� WKH� HOHPHQWV� RI� WKH� WUDQVIHU� PDWULFHV��
FRQVLGHU�D�PDWUL[�$U ZLWK�U�FROXPQV�DQG�Q U� URZV�VXFK�
WKDW�HDFK�URZ�RI�WKH�PDWUL[�LV�RQH�RI�WKH�SHUPXWDWLRQ�RI���
DQG����LQ�U FROXPQV��7KH�HOHPHQW� �r ML�D RI�WKLV�PDWUL[�
FDQ�EH�YLHZHG�DV�D�VSLQ�YDULDEOH��7KHUHIRUH��WKH�HOHPHQWV�
RI�WKH�WUDQVIHU�PDWUL[�%U FDQ�EH�FRPSXWHG�E\�>�����@�
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ZKHUH� 
� LQGLFDWHV� WKH� SHULRGLF� ERXQGDU\� FRQGLWLRQ�
�DD� N�LUN�L  � DQG�. LV� D� FRQVWDQW��7KH� URZV�RI�PDWUL[�

$U FDQ� EH� JURXSHG� LQWR� EORFNV� LQ� VXFK� D� ZD\� WKDW� WKH�
FRQILJXUDWLRQDO�HQHUJLHV�� �O�F( DQG� $

F( ��ZLWK� �U����O � ��
IRU� HDFK� URZ�RI� WKH� EORFN�EHFRPH� WKH� VDPH��:H�GHILQH�

�O�F( DQG� $F( DV�
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ZKHUH�. DQG�+� DUH� FRQVWDQW��%\� WKLV� GHILQLWLRQ�� ���F( LV�
WKH� QHDUHVW� QHLJKERU� LQWHUDFWLRQ� EHWZHHQ� VSLQV�� LQ� WKH�
SUHVHQFH� RI� WKH� PDJQHWLF� ILHOG�� DQG� ���F( LV� WKH� QH[W�
QHDUHVW� QHLJKERU� LQWHUDFWLRQ�� DQG� ��� �UF( LV� WKH�
LQWHUDFWLRQ� HQHUJ\� EHWZHHQ� WZR� VSLQV� WKDW� DUH� VHSDUDWHG�
E\�U���VSLQV�LQ�HDFK�URZ��1RZ�PDWUL[�$U FDQ�EH�GLYLGHG�
LQWR�J EORFNV��7KHQ�� WKH�HOHPHQWV�RI� WKH�EORFN�N FDQ�EH�
UHSUHVHQWHG� E\� ��

�
N
MLD ZLWK� �N�P����L  �� U����M  �� DQG�

J����N  ��ZKHUH� NP LV�WKH�QXPEHU�RI�URZV�LQ�WKH�EORFN�
N�� :LWK� WKLV� GHILQLWLRQ�� HDFK� EORFN� KDV� WKH� IROORZLQJ�
FKDUDFWHULVWLFV�

D��7KH�QXPEHU�RI���������VSLQV�LQ�HDFK�URZ�RI�D�EORFN�
DUH� WKH� VDPH�� E�� 7KH� URZV� RI� D� EORFN� DUH� WKH� F\FOLF�
SHUPXWDWLRQ�RI�HDFK�RWKHU��F��7KH�ILUVW�EORFN�KDV�RQH�URZ�
ZLWK�DOO� HOHPHQWV� HTXDO� WR �� �� DQG� WKH�EORFN�J KDV�RQH�
URZ� ZLWK� DOO� HOHPHQWV� HTXDO� WR� ���� )RU� H[DPSOH� OHW� XV�
FRQVLGHU� WKH� FDVH� ZKHUH� U�  � ��� 7KHUH� DUH� �� GLIIHUHQW�
VWDWHV� LQ�ZKLFK�VSLQV�FDQ�EH�DUUDQJHG�LQ���VLWHV��:H�FDQ�
VKRZ�WKHVH�VWDWHV�E\�WKH�IROORZLQJ� ��� u PDWUL[
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ZKHUH� HDFK� URZ� UHSUHVHQWV� RQH� RI� WKH� SRVVLEOH� VSLQ�
FRQILJXUDWLRQV�RI���VLWHV��$V�VKRZQ�LQ�HT�������WKH�PDWUL[�
$� LV�GHYLGHG� LQWR���EORFNV��DQG� WKH� URZV�RI�HDFK EORFN�
DUH�WKH�F\FOLF�SHUPXWDWLRQ�RI�HDFK�RWKHU���

7KHQ�� E\� XVLQJ� VXFK� D� QRWDWLRQ�� WKH� HOHPHQWV� RI� WKH�
WUDQVIHU�PDWUL[�%U FDQ�EH�UHSUHVHQWHG�DV�IROORZ�
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ZKHUH�� ��W
LK UHSUHVHQWV� WKH� LQWHUDFWLRQV� DPRQJ� VSLQV� RI�

URZ�L�RI�WKH�EORFN�W RI�WKH�PDWUL[�$U��DQG�LV�GHILQHG�DV����
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VW
MLI UHSUHVHQWV� WKH� FROXPQ�FROXPQ� LQWHUDFWLRQV�

DPRQJ� VSLQV� RI� URZ� L� RI� WKH� EORFN� W DQG� URZ� M RI� WKH�
EORFN�V RI�WKH�PDWUL[�$U��DQG�LV�GHILQHG�DV���
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1RZ� WKH� WUDQVIHU� PDWUL[�%U FDQ� EH� GLYLGHG� LQWR� JJ u
EORFNV��LQ ZKLFK�WKH�EORFN�%�W���V� KDV� ��WP URZV�DQG� ��VP
FROXPQV�� 7KXV�ZH�PD\� UHSUHVHQW� WKH� WUDQVIHU�PDWUL[�%UDV�
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LQ�ZKLFK��HDFK�EORFN�KDV�WKH�IROORZLQJ�FKDUDFWHULVWLFV�
���:H�GHILQH�RSHUDWRU� ��Ö V3 DV�D�SHUPXWDWLRQ�RSHUDWRU�

WKDW� FRQYHUWV� RQH� URZ�RI� EORFN�V WR� DQRWKHU� URZ�RI� WKLV�

EORFN�IRU�WKH�PDWUL[�$U��6R�ZH�FDQ�ZULWH�
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)XQFWLRQ� ��W
LK LV�HTXDO�WR� �W�TK �VHH�SURSHUWLHV��D��DQG��E��

RI� PDWUL[� $U�� DQG� IXQFWLRQ� �����
�

VW
NLI LV� REWDLQHG� IURP�

IXQFWLRQ� �����
�

VW
MLI E\�UHSODFLQJ�URZ�M ZLWK�URZ�N RI�EORFN�

V RI� WKH� PDWUL[� $U�� 7KHUHIRUH� LQVWHDG� RI� WKH� F\FOLF�
SHUPXWDWLRQ�RQ�URZ�M RI�WKH�EORFN�V RI�WKH�PDWUL[�$U��ZH�
FDQ�REWDLQ�WKH�VDPH�UHVXOW��E\�UHSODFLQJ�URZ�L ZLWK�URZ�T
RI�EORFN�W��RU�F\FOLF�SHUPXWDWLRQ�RQ�URZ�L�RI�WKH�EORFN�W�
RI�WKH�PDWUL[�$U �VHH�SURSHUWLHV��D��DQG��E��RI�PDWUL[�$U���
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7KLV�LV�GXH�WR�WKH�IDFW�WKDW�WKH�HIIHFW�RI�RSHUDWLRQ� ��Ö V3 LV�
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%\� VROYLQJ� HTV�� ������ZH� REWDLQ�J�GLIIHUHQW� HLJHQYDOXHV�
O DQG� FRUUHVSRQGLQJ� HLJHQYHFWRUV� WKDW� DUH� DOVR� WKH�
VROXWLRQV�RI�HTV��������EXW�HTV�������KDYH�VRPH�VROXWLRQV�
WKDW�GR�QRW�VDWLVI\�WKH�FRQGLWLRQ�RI�HT�������

+RZHYHU�� ZH� KDYH� REVHUYHG� WKDW� WKH� PD[LPXP�
HLJHQYDOXH� � PD[O �� RI� WKH� JWK� RUGHU� PDWUL[� �. ZLWK�
HOHPHQWV� ML �D LV�HTXDO�WR PD[O RI�WKH�QWK�RUGHU�PDWUL[�%U

ZLWK� WKH� HOHPHQWV� �����
�

VW
MLE �� 7KLV� PHDQV� WKDW� PD[O LV� WKH�

VDPH� IRU� ERWK� %U DQG� U. PDWULFHV�� )RU� H[DPSOH�� WKH�
UHGXFHG�PDWUL[� �. ZKLFK�LV�FRPSXWHG�IURP�WKH�RULJLQDO�
WUDQVIHU�PDWUL[�%� HT�������FDQ�EH�ZULWWHQ�DV�
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7KH� HLJHQYDOXHV� RI� ERWK� �. DQG� %� PDWULFHV� �HT�����
HT����� DUH� JLYHQ� LQ� DSSHQGL[� $�� 6L]H� UHGXFWLRQ� RI� WKH�
WUDQVIHU� PDWUL[� FDQ� EH� HDVLO\� DSSOLHG� WR� WKH WULDQJXODU�
,VLQJ�ODWWLFH��VHH�DSSHQGL[�%���6XFK�D�UHGXFWLRQ�EHFRPHV�
LPSRUWDQW� ZKHQ� U KDV� ODUJH� YDOXHV� �QDPHO\�� ODUJHU� WKDQ�
�����,Q�WKHVH�FDVHV�WKH�VL]H�RI�WKH�WUDQVIHU�PDWUL[�LV�ODUJHU�
WKDQ ���� �� u DQG� KHQFH� WKH� FRPSXWDWLRQ� RI� WKH� ODUJHVW�
HLJHQYDOXH� � PD[O �� LV� GLIILFXOW�� +RZHYHU� WKH� VL]H� RI� WKH�
UHGXFHG� WUDQVIHU�PDWUL[� LV�PXFK�VPDOOHU� WKDQ� WKDW�RI� WKH�
RULJLQDO� WUDQVIHU� PDWUL[�%U�� LQ� VXFK� D� ZD\� WKDW� WKH PD[O
FDQ� EH� HDVLO\� FDOFXODWHG� IURP� WKH� UHGXFHG� PDWUL[� �VHH�
7DEOH� ���� 7KH� UHGXFHG� IUHH� HQHUJ\� SHU� VLWH
� PD[OQ���� OU ��IRU�WKH�VTXDUH�,VLQJ�PRGHO�DW�WKH�FULWLFDO�
SRLQW� KDV� EHHQ� FDOFXODWHG� IRU� ERWK� WKH� UHGXFHG� DQG� WKH�
RULJLQDO� WUDQVIHU� PDWULFHV� ZLWK� GLIIHUHQW� ODWWLFH� VL]HV��
6XFK�D�FDOFXODWLRQ�KDV�DOVR�EHHQ�GRQH�RQ�WKH�VWULS�RI�WKH�
WULDQJXODU� ,VLQJ� ODWWLFH�� DQG� WKH� UHVXOWV� IRU� WKH� UHGXFHG�
DQG� RULJLQDO� WUDQVIHU�PDWULFHV� DUH� FRPSDUHG� LQ�7DEOH� ���
$V� LW� LV� VKRZQ� LQ�7DEOH� ��� WKH� UHVXOWV� IRU� ERWK�PDWULFHV�
DUH�LGHQWLFDO�
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7DEOH��� &RPSDULVRQ�RI�WKH�VL]H�RI�WKH�UHGXFHG�WUDQVIHU�PDWUL[� UD ZLWK�WKDW�RI�WKH�RULJLQDO�WUDQVIHU�PDWUL[�%U IRU�WKH�YDULRXV�OLPLWHG�
WULDQJXODU�DQG�VTXDUH�,VLQJ�ODWWLFHV�

7KH�VL]H�RI
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2UGHU�RI�WKH�2ULJLQDO
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2UGHU�RI�WKH�UHGXFHG
WUDQVIHU�PDWUL[
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E\�XVLQJ�ERWK�WKH�UHGXFHG�WUDQVIHU�PDWUL[� UD DQG�WKH�RULJLQDO�WUDQVIHU�PDWUL[�%U�
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7DEOH����&RPSDULVRQ�RI�WKH�VL]H�RI�WKH�UHGXFHG�WUDQVIHU PDWUL[� U* ZLWK�WKDW�RI�WKH�RULJLQDO�WUDQVIHU�PDWUL[�&U IRU�YDULRXV�OLPLWHG�WULDQJXODU�DQG�VTXDUH�WKUHH�VWDWH�3RWWV�PRGHOV�
7KH�VL]H�RI
ODWWLFH��U�

2UGHU�RI�WKH
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2UGHU�RI�WKH�UHGXFHG
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���7ZR�GLPHQVLRQDO�WKUHH�VWDWH�3RWWV�PRGHO
&RQVLGHU� D� VTXDUH� ODWWLFH� ZLWK� WKH� SHULRGLF� ERXQGDU\�
FRQGLWLRQ�� FRPSRVHG�RI� VOLFHV�� HDFK�ZLWK�S� URZV��ZKHUH�
HDFK�URZ�KDV�U�VLWHV� 7KHQ�HDFK�VOLFH�KDV� 1US  u VLWHV�
DQG�WKH�FRRUGLQDWLRQ�QXPEHU�RI�DOO�VLWHV�DUH�WKH�VDPH�
)RU�DQ\�VLWH�ZH�GHILQH�D�VSLQ�YDULDEOH� ��������  MLV ��VR�
WKDW�L ������ U DQG�M ������ S��7KH�FRQILJXUDWLRQDO�HQHUJ\�RI�
WKH�VWDQGDUG���VWDWH�3RWWV�PRGHO�LV�JLYHQ E\�>�@�
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7KH� FDQRQLFDO� SDUWLWLRQ� IXQFWLRQ�� = �.��� LV� JLYHQ� E\� >���
��@�
=�.�� �7U��&U

S ���������������������������������������������������������������
ZKHUH�&U LV�WKH�WUDQVIHU�PDWUL[��7R�FRPSXWH�WKH�HOHPHQWV�
RI�WKH�WUDQVIHU�PDWUL[��FRQVLGHU�PDWUL[�'U ZLWK�U�FROXPQV�
DQG�Q U� URZV� LQ ZKLFK�HDFK� URZ�RI� WKH�PDWUL[� LV�RQH�
RI� WKH� SHUPXWDWLRQ� RI� WKH� ��� ��� DQG� �� LQ� WKH�U FROXPQV��
7KH� HOHPHQW� MLG �  ��� ��� DQG� ��� RI� WKLV� PDWUL[� FDQ� EH�
YLHZHG�DV�D�VSLQ�YDULDEOH��7KH�URZV�RI�PDWUL[�'U FDQ�EH�
EORFNHG�LQ�VXFK�D�ZD\�WKDW�WKH�FRQILJXUDWLRQDO�HQHUJLHV�

��O
V3RWWF�( DQG $ 3RWWVF�( ��ZLWK� �����U � O �� IRU�HDFK�URZ�RI�

WKH� EORFN� EHFRPHV� WKH� VDPH�� :H� GHILQH� �O�
V3RWWF�( DQG�

$ 3RWWVF�( DV�
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ZKHUH�. DQG�+�DUH�FRQVWDQWV��,Q�WKLV�GHILQLWLRQ� $ 3RWWVF�(
LV� WKH�QHDUHVW�QHLJKERU� LQWHUDFWLRQV�DPRQJ�VSLQV�LQ�HDFK�
URZ�� DQG� ���

3RWWVF�( LV� WKH� QH[W� QHDUHVW� QHLJKERU�
LQWHUDFWLRQV�� DQG� ��� �U

3RWWVF�( LV� WKH� LQWHUDFWLRQ� HQHUJ\�
EHWZHHQ�WZR�VSLQV�WKDW�DUH�VHSDUDWHG�E\�U���VSLQV�LQ�HDFK�
URZ��1RZ�PDWUL[�'U FDQ�EH�GLYLGHG�LQWR�J EORFNV��7KHQ�
WKH� HOHPHQWV� RI� WKH� EORFN�N FDQ�EH� UHSUHVHQWHG�E\� �N�

M�LG
ZLWK� ������ NPL  � UM ���� ��DQG� JN ���� ��ZKHUH� NP
LV� WKH� QXPEHU� RI� URZV� LQ� WKH� EORFN� N�� :LWK� VXFK� D�
GHILQLWLRQ�� HDFK� EORFN� ZLOO� KDYH� WKH� IROORZLQJ�
FKDUDFWHULVWLFV�� D�� (DFK� URZ� RI� D� EORFN� KDV� WKH� VDPH�
QXPEHU� RI� VSLQV�ZLWK� �� YDOXHV�� E�� 7KH� URZV� RI� D� EORFN�
ZKLFK� KDYH� WKH� VDPH�QXPEHU� RI� VSLQV�ZLWK� ��� ��� DQG����
DUH� F\FOLF� SHUPXWDWLRQ�RI� HDFK�RWKHU�� F��2QH�KDOI�RI� WKH�
URZV�RI� D� EORFN� FDQ�EH� REWDLQHG� IURP� WKH� RWKHU�KDOI�E\�

UHSODFLQJ� VSLQ� �� ZLWK� VSLQ� �� DQG� YLFH� YHUVD�� G�� (DFK�
PDWUL[� KDV� D� EORFN� WKDW� KDV� RQH� URZ� ZLWK� DOO� HOHPHQWV�
HTXDO� WR� ��� DQG� DQRWKHU� EORFN� ZLWK� WZR� URZV�� RQH� URZ�
ZLWK� DOO� HOHPHQWV� HTXDO� WR� ��� DQG� RQH� URZ� ZLWK� DOO�
HOHPHQWV�HTXDO� WR�����)RU�LQVWDQFH��FRQVLGHU�WKH�FDVH�IRU�
ZKLFK�U� ����7KHUH�DUH��� GLIIHUHQW�VWDWHV�WKDW�VSLQV�������
DQG���ZKLFK�FDQ�EH�DUUDQJHG�LQ�WKUHH�VLWHV��:H�FDQ�VKRZ�
WKHVH�VWDWHV�E\�WKH�IROORZLQJ� ��� u PDWUL[�'���
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$V� VKRZQ� E\� HT�� ������ LQ� WKLV� FDVH� PDWUL[� '� KDV� ��
EORFNV�� 7KHQ E\� WKLV� QRWDWLRQ�� WKH� HOHPHQWV� RI� WKH�
WUDQVIHU�PDWUL[�&U FDQ�EH�UHSUHVHQWHG�DV�IROORZV�>�����@�

@`>H[S^
�

�
��

�����
� ��

�
��

�
��
��

��
�¦


 
� 

�

U

N
GGGG

VW
ML V

NM
W
NL

W
NL

W
NL

.F GG �������������������������
1RZ�WKH�WUDQVIHU�PDWUL[�&U FDQ�EH�SUHVHQWHG�E\�D�PDWUL[�
ZLWK� JJ u EORFNV� �HT������ LQ� ZKLFK� EORFN &�W���V� KDV�

��WP URZV�DQG� ��VP FROXPQV��

&U 
�����������������

��������������������

�������������������� ���

JJJJ

J

J

FFF

FFF
FFF

�

����

� ����
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���$V�EHIRUH�� WKH�HOHPHQWV�RI� WKH� WUDQVIHU�PDWUL[�&U FDQ�
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HLJHQYHFWRUV�RI�WKH�PDWUL[�&U DUH�VLPLODU�WR�WKDW�RI�PDWUL[�
%U HT��������%\�LQVHUWLQJ�WKH�FRQGLWLRQ�RI�HT��������ZH�FDQ�
FDOFXODWH� WKH�PD[LPXP�HLJHQYDOXH�� PD[O ��RI� WKH�PDWUL[�

&U IURP� LWV� FRUUHVSRQGLQJ� UHGXFHG� PDWUL[� U* ZLWK� WKH�
HOHPHQW� ML�J JLYHQ�E\�HT��������)RU�H[DPSOH�WKH�UHGXFHG�
PDWUL[� �+ FRPSXWHG�IURP�WKH�RULJLQDO�PDWUL[�&� IRU� WKH�
FDVH�ZLWK�U� ��FDQ�EH�ZULWWHQ�DV�

����
6L]H� UHGXFWLRQ� RI� WKH� WUDQVIHU� PDWUL[� FDQ� HDVLO\� EH�
DSSOLHG� WR� WKH� WULDQJXODU� 3RWWV�PRGHO� �VHH� DSSHQGL[�&���
$JDLQ�� VXFK� VL]H� UHGXFWLRQ� RI� WKH� WUDQVIHU� PDWUL[�
EHFRPHV� LPSRUWDQW�ZKHQ�U LV� ODUJH� �QDPHO\�� ODUJHU� WKDQ�
����,Q�WKHVH�FDVHV��WKH�VL]H�RI�WKH�RULJLQDO�WUDQVIHU�PDWUL[�
LV� ODUJHU� WKDQ �� �� u DQG� WKH� FRPSXWDWLRQ� RI� LWV� ODUJHVW�
HLJHQYDOXH� � PD[O �� LV� GLIILFXOW�� +RZHYHU� WKH� VL]H� RI� LWV�
UHGXFHG�WUDQVIHU�PDWUL[� U+ PD\�EH�VR�VPDOO��FRPSDUH�WR�
WKH� RULJLQDO� WUDQVIHU� PDWUL[�&U �� WKDW� WKH� FDOFXODWLRQ� RI�

PD[O PD\�EH�HDVLO\�GRQH��6HH�7DEOH�����7KH�UHGXFHG�IUHH�
HQHUJ\�SHU�VLWH�� PD[OQ���� OU ��IRU�WKH�VTXDUH���VWDWH�3RWWV�
PRGHO� DW� WKH� FULWLFDO� SRLQW� KDV� EHHQ� FDOFXODWHG� IRU� ERWK�
WKH� UHGXFHG� DQG� WKH� RULJLQDO� WUDQVIHU� PDWULFHV� ZLWK�
GLIIHUHQW� ODWWLFH� VL]HV�� 6XFK� D� FDOFXODWLRQ� KDV� DOVR� EHHQ�
GRQH� IRU� WKH� WULDQJXODU� ��VWDWH� 3RWWV� PRGHO�� DQG� WKH�
UHVXOWV� DUH� FRPSDUHG� ZLWK� WKH� YDOXHV� REWDLQHG� E\� GH�
4XHLUR]�>��@�LQ�7DEOHV���DQG����$V�LW�LV�VHHQ�IURP�7DEOHV�
�� DQG� �� WKH� UHVXOWV� IRU� WKH� UHGXFHG� WUDQVIHU�PDWUL[� DUH�
H[DFWO\�WKH�VDPH�DV�WKRVH�RI�WKH�RULJLQDO�WUDQVIHU�PDWUL[�
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:H� KDYH� VKRZQ� WKDW� RXU� DOJHEUDLF� PHWKRG� IRU� WKH� VL]H�
UHGXFWLRQ� RI� WKH� WUDQVIHU� PDWUL[�� FDQ� SULQFLSDOO\� EH�
DSSOLHG� WR� WKH� ��GLPHQVLRQDO� ,VLQJ� DQG� ��GLPHQVLRQDO�
WKUHH�VWDWH�3RWWV�PRGHOV��,Q�IDFW�RXU�UHVXOW�� PD[O ��IRU�WKH�
UHGXFHG� WUDQVIHU� PDWUL[� LV� LGHQWLFDO� WR� WKDW� FDOFXODWHG�
IURP� WKH� RULJLQDO� WUDQVIHU� PDWUL[� IRU� HDFK� PRGHO� �VHH�
7DEOHV���DQG����
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VRIWZDUH� DUH� DYDLODEOH� ZKLFK� FDQ� EH� XVHG� IRU� DQDO\WLF�
FRPSXWDWLRQ�RI� WKH�PD[LPXP�HLJHQYDOXH� RI� WKH� WUDQVIHU�
PDWUL[��DOO�RI�WKHP�DUH�OLPLWHG�WR�FDVHV�ZLWK�VPDOO�PDWUL[�
VL]HV�� 7KHUHIRUH� WKH� VL]H� UHGXFWLRQ� WHFKQLTXH� IRU� WKH�
WUDQVIHU� PDWUL[� LV� VWLOO� LPSRUWDQW� IRU� VXFK� FDOFXODWLRQV��
)RU� QXPHULFDO� LQYHVWLJDWLRQ� RQ� ILQLWH�VL]H� ODWWLFHV�� RXU�
PHWKRG� RI� VL]H� UHGXFWLRQ� IRU� WKH� WUDQVIHU�PDWUL[� FDQ� EH�
XVHG� IRU� FDVHV�ZLWK� ODUJHU� ODWWLFHV� �VHH�7DEOHV� ��� ��� DQG�
���

$OWKRXJK�� DQ� H[SOLFLW� PDWKHPDWLFDO SURRI� IRU� WKH�
HTXDOLW\�RI�PD[LPXP�HLJHQYDOXHV�RI�ERWK�WKH�UHGXFHG�DQG�
RULJLQDO� WUDQVIHU� PDWULFHV� LV� QRW� JLYHQ�� IRU� WKH� ��'� ,VLQJ
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0�*KDHPL�DQG�*�$�3DUVDIDU ,-35�9RO�����1R����

7DEOH��� PD[OQ���� OU DW�WKH�FULWLFDO�SRLQW�IRU�WKH�YDULRXV�ILQLWH�VL]H�VTXDUH�3RWWV�ODWWLFHV��XVLQJ�ERWK�WKH�RULJLQDO�DQG�UHGXFHG�WUDQVIHU�
PDWULFHV��FRPSDUHG�ZLWK�WKH�UHVXOW�RI�GH�4XHLUR]
�
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DUH�LGHQWLFDO��

)LQDOO\��ZH�H[SHFW�RXU�PHWKRG�WR�EH�H[WHQGHG�WR�WZR�
GLPHQVLRQDO� PRGHOV� LQ� WKH� SUHVHQFH� RI� PDJQHWLF� ILHOG��
7KLV� FRXOG�EH�GRQH�E\�DGGLQJ�DQRWKHU�FRQGLWLRQ� WR�HTV��
���� DQG� ���� IRU� SDUWLWLRQLQJ� WKH�PDWUL[�$U��ZKLFK� LV� VWLOO�
XQGHU�LQYHVWLJDWLRQ���
$FNQRZOHGJPHQW
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