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Abstract 
Asymmetric features of various physical quantities in the normal and superconducting states between hole- and electron-doped 
cuprate high-temperature superconductors have been an issue of debate for a long time. Their exploration is very important for the 
understanding not only of the mechanism of high-Tc superconductivity but also of the nature of doped-Mott insulators. Presented in 
this review is the present status of theoretical understanding of the electronic states in hole- and electron-doped high- Tc cuprates as 
well as the origin of the electron-hole asymmetry of the electronic states. In particular, it is shown that numerically exact 
diagonalization calculations for small clusters in a t-J model with long-range hoppings, t' and t'' nicely reproduce the electron-hole 
asymmetry observed experimentally in various quantities and thus make it possible to extract the physical origin of the asymmetry. 
These results give a deep insight on the asymmetric behaviors in hole- and electron-doped high-Tc cuprates and on the nature of 
doped Mott insulators. 
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1. Introduction  
In 1986, Bednorz and Müller reported high-Tc
superconductivity in a copper oxide La-Ba-Cu-O [1]. 
The confirmation of the superconductivity by Uchida et 
al. [2] triggered a subsequent feverish activity. Even 
now, twenty years after the discovery, we do not have a 
final answer for the mechanism of superconductivity in 
spite of intensive studies by many researchers around the 
world. However, it is also true that there have been much 
progresses toward the understanding of the unusual 
properties of the normal and superconducting states of 
the high-Tc cuprates.  
 The most dramatic features of high-Tc cuprates are 
that the superconductivity emerges as a consequence of 
carrier doping into a two-dimensional (2D) Mott 
insulator composed of CuO2 planes and that the 
superconductivity exists in a certain finite range of 
carrier density. This naturally suggests the importance of 
strong electron correlations in high-Tc superconductivity. 
Soon after this discovery, the importance of strong 
electron correlation in the CuO2 plane was pointed out 
[3]. These correlations are manifest by the fact that the 
CuO2 planes without extra carriers are a Mott insulator. 
The emerging physics which has to be elucidated is 
therefore that of a carrier-doped Mott insulator. 
Although many authors have discussed the electronic 
properties in 2D cuprates from the view point of strong 
electron correlation, the problems still remain 

controversial.  
 The carrier introduced into the cuprates is either an 
electron or a hole. Although the symmetry of 
superconducting order parameter is common with d-
wave in both cases [4,5], the phase diagrams exhibit 
asymmetric behaviors between the electron and hole 
carriers. Figure 1 shows a schematic phase diagram  
for high-Tc cuprates, where x represents carrier 
concentration in the CuO2 plane for both hole and 
electron dopings. (For instance, 0 1x = . means that on 
average 0.1 holes (electrons) are found on the CuO2 unit 
cell.) At 0x = (undoping), the system is a Mott insulator 
with antiferromagnetic (AF) order below 300T ~  K.  
 Upon hole doping, the system begins to show 
metallic behavior in the resistivity at high temperatures 
[6], and the AF order is rapidly destroyed so that the AF 
phase is confined to very small region. In the region 
between the AF phase and superconducting phase, a 
disordered phase showing a spin glass behavior is 
observed in La2-xSrxCuO4 (LSCO). The superconducting 
transition temperature (Tc) monotonically increases with 
hole doping (underdoped region), reaching a maximum 
at 0 15x ~ . (optimal doping). Then, Tc decreases and 
becomes zero (overdoped region). This doping 
dependence forms a dome-like behavior for Tc. The 
normal state above the pseudogap temperature in the 
underdoped region and well above Tc in the overdoped  
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Figure 1. A schematic phase diagram of high- Tc cuprates for 
both hole and electron dopings. The dotted line is a crossover 
line between the metallic phase and pseudogap phase. 

region exhibits metallic behavior which is different from 
that of a simple Fermi liquid. For instance, non- 2T
dependence of the resistivity is observed. In the overdoped 
region, beyond the superconducting dome, a Fermi liquid 
picture emerges although materials that can reach this 
region are rare. In the underdoped region above Tc, there is 
evidence for the existence of a pseudogap. Both spin and 
charge properties suggest the existence of the 
pseudogap [7]. In the underdoped region of LSCO, a slight 
depression of the superconducting dome exists at 1 8x ~ / ,
but in a sample of La2-xBaxCuO4 (LBCO) Tc completely 
vanishes at this concentration. At the same time the AF 
order is recovered. This is called “1/8" anomaly. The 
physics of the 1/8 anomaly has been unveiled through 
neutron scattering experiments and Tranquada et al. [8] 
have proposed a novel concept of stripe where one-
dimensional charge arrays emerges, accompanying spin 
domains antiferromagnetically ordered with a shift of spin-
ordering phase by π between the charge stripes. 
 The most prominent difference between hole and 
electron dopings appears in the AF region near the Mott 
insulator: In electron-doped systems such as Nd2-

xCexCuO4 (NCCO), the AF phase exists over a much 
larger doping range when compared with hole doping. A 
difference in magnetic properties is also seen in  
inelastic neutron scattering experiments: LSCO shows 
incommensurate spin structures for a wide range of x [9], 
while in NCCO there is no incommensurate structures but 
commensurate ones are observed [10]. It is also an 
important difference that a spin-gap behavior observed in 
the underdoped region of hole-doped cuprates by the 
nuclear magnetic resonance experiments is not reported in 
electron-doped cuprates [11]. It is also prominent that, on 
the electron-doped side of the phase diagram, there are no 
reports of a superconducting dome in bulk samples.  
 Differences in the electronic properties between the 
hole- and electron-doped cuprates are also observed in 
other experiments. The optical conductivity obtained 
from reflectivity measurements exhibits a pseudogap 

feature at around 0.2 eV in the AF phase of NCCO [12], 
but there is no such a feature in LSCO with the same 
carrier concentration [13]. The occurrence of the 
pseudogap in the optical conductivity is correlated with 
the strong temperature dependence of the Hall coefficients 
and a metallic behavior in the c -axis resistivity. From 
angle-resolved photoemission (ARPES) experiments, it 
has clearly been observed that hole carriers doped into the 
parent Mott insulators first enter into the ( 2 2)π π= ± / ,± /k
points in the Brillouin zone and produce a Fermi arc 
[14,15,16], but electron carriers are accommodated at 
around ( 0)π= ± ,k and (0 )π, ± and then the Fermi 
surface is formed in the superconducting region [17]. The 
doping dependence of core-level photoemission also 
shows different behaviors of the chemical potential shift 
between NCCO and LSCO [18]. These experimental data 
indicate the difference of the electronic states between 
hole- and electron-doped cuprates.  
 In order to clarify the physics behind the asymmetry, 
we have to understand the electronic states of both types 
of cuprates and construct proper model that can describe 
the low-energy excitations of the systems. In fact, there 
are a plenty of theoretical works related to this issue.  
 Concerning electron doping, the interplay of the 
Fermi surface and AF magnetic fructuation with 
momentum ( )π π= ,Q has been examined by using 
fluctuation-exchange (FLEX) technique and related 
ones [19-25]. Those works clearly showed the role of the 
Fermi surface shape on commensurate magnetic 
excitations, the suppression of ARPES weight at the 
Fermi level near crossing points between the Fermi 
surface and the magnetic Brillouin zone, and 
nonmonotonic d-wave superconducting gap function 
observed by ARPES [26]. These works are basically 
regarded as an approach from overdoped region where 
correlation effect is relatively weak.  
 Approaches from Mott insulator for electron doping 
have mainly been done by using numerical techniques 
for finite-size clusters and the single-particle spectral 
functions are compared with those of hole doping [27-
32]. In addition to the cluster calculations, a mean-field 
theory of spin density wave [33] and some analytical 
approaches such as variational methods [34-36] have 
been developed to study the spectral functions. All of the 
calculations have shown that long-range hoppings of 
electron carriers, in particular, the next-nearest neighbor 
hopping t′ , are crucial for coexistence of AF order and 
the ( 0)π , electron pocket as well as the presence of a 
gap along the nodal direction. Therefore, a proper 
understanding of the effect of t′ on electronic and 
magnetic properties is necessary.  
 In this review, staring from underlying electronic 
states of cuprates, we will discuss the role of t′ on the 
asymmetry of hole- and electron-doped cuprates. Taking 
an approach from the Mott insulating side, we will 
examine several physical quantities such as the spectral 
function based on a t - t′ - t′′ - J model and emphasize 



IJPR Vol. 6, No. 3 Electron-hole asymmetry in high-Tc cuprates from … 151 

Figure 2. One-particle excitation spectra for Cu3 2 2x y
d

−
and 

O2 pσ orbitals in the middle of the Cu4O13 cluster. (a) 0 0x = .

and 0 25x = . for La 2 x− Sr x CuO4 and (b) for 

Nd 2 x− Ce x CuO4. The solid and dashed lines denote 
Cu3 2 2x y

d
−

and O2 pσ spectra, respectively. The zero energy 

corresponds to the Fermi energy. The vertical arrows denote 
the positions of the O2 pσ level. Taken from [39]. 
 
the importance of AF correlation in electron doping for 
the quantities.  
 This paper is organized as follows. In Sec. 2, we 
present basic concept of the electronic states of cuprates 
by introducing the Zhang-Rice singlet state. The t - t′ -
t′′ - J model is constructed for both hole- and electron-
doped cuprates. Using the t - t′ - t′′ - J model, a simple 
origin of the stabilization of AF order in the electron 
doping is discussed based on the approach of doped Mott 
insulator in Sec. 3. In addition to this, we show several 
physical quantities that are obtained by the exact 
diagonalization methods for small clusters. The 
summary is given in Sec. 4.  
 
2. Underlying electronic states 
Insulating cuprates are a charge-transfer-type insulator, 
where the on-site Coulomb interaction at Cu site is larger 
than the charge-transfer energy between the Cu and O 
ions. The most important orbital on oxygen relevant to 
the electronic states is 2 pσ orbitals whose wave 
function has the largest overlap with Cu 3 2 2x yd −

orbitals [37]. These have either 2 xp or 2 yp character. 

Taking 3 10d and 2 6p configurations as the vacuums of 
the system, we introduce a minimum model for the CuO2

network, including the energy levels of 3 2 2x yd − and 

2 pσ holes ( dε and dε + ∆ , respectively), the Coulomb 
repulsion energy of holes on 3 2 2x yd − ( dU ), and on 

2 pσ ( pU ), the nearest-neighbor intersite Coulomb 

energy ( pdU ), and the hopping energies of holes 

between nearest-neighbor 3 2 2x yd − and 2 pσ orbitals 

( pdT ), and between nearest-neighbor 2 pσ orbitals 

( ppT ). The model is called the three-band Hubbard 

model (named for three orbitals in the CuO 2 unit), or 
the d - p model (named for the inclusion of d and p
orbitals), otherwise the Emery model [38]. The 
Hamiltonian reads  

dp U TH H H Hε= + +  (1) 
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where the operator d σ,i annihilates holes with spin σ in 

3 2 2x yd − orbital at site i , and †dn d dσ σσ, ,,=i ii . Here the 

( ) 2p σ± / ,i x y  are the hole annihilation operators for the 

2 xp (2 yp ) orbitals at site ( ) 2± /i x y , x ( y ) being the 
vector connecting neighboring Cu ions along the x ( y )
directions, and δ in eqs. (3) and (4) is either x or y

and where †
22 2

pn p p σσ σ + / ,+ / , + / ,= ii i δδδδδ δδ δδ δδ δ . The signs of the 
hopping terms in eq. (4) are determined by the phase 
relations between two orbitals: For hole picture, the sign 
in front of pdT and ppT becomes + ( − ) when the 
phases of the orbitals facing each other are same 
(different). 
 The density of states of the d-p model (1) are shown 
in figure 2. The numerically exact diagonalization 
method based on the Lanczos technique is used for a 
Cu4O13 cluster with realistic parameters for LSCO and 
NCCO [39] ( pdT =0.966 (0.840), ppT =0.395 (0.356), and 

∆ =3.255 (2.394) for LSCO (NCCO), and dU =8.5, 

pU =4.1, and pdU =0 in units of eV). The ground state at 
0x = is mainly composed of configurations having one 

hole at each Cu site, represented by d9. Spins of the holes 
interact each other antiferromagnetically with energy 
J = 0.1-0.16 eV [40]. There are two possible final states 
from d9 when we remove an electron: d9 and d9L(L: O2 p
hole). The former appears at 10-11 eV in the upper panels 
of figure 2. The latter makes two structures located at  
0.5-2 eV and 2.5-5 eV. The structure at 0.5-2 eV is a split-
off state from O2 p main band at 2.5-5 eV, and is called 
the Zhang-Rice singlet band named after the seminal 
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work by Zhang and Rice [41]. The final state of an 
electron-addition spectrum is denoted by d10, which is 
called the upper Hubbard band. Therefore, the lowest-
energy charge excitation from occupied to unoccupied 
states corresponds to the interband excitation from the 
Zhang-Rice singlet band to the upper Hubbard band. 
This represents the Mott gap in the insulating cuprates. 
We note that, when we map the d-p model onto a single 
band model like the Hubbard or t - J model, we regard 
the Zhang-Rice singlet band as the lower Hubbard band.  
 As shown in the lower panels of figure 2, the Fermi 
level moves to the Zhang-Rice band and the upper 
Hubbard band upon carrier doping for the La- and Nd-
systems, respectively. As a result, new states denoted by 
d 9 L → d 9 and d 10 → d 9 appear for the hole and 
electron dopings, respectively. We note that the shift of 
the Fermi level is not a simple rigid band shift, but 
reconstruction of the spectra occurs near the Fermi level. 
We also note that the spectral weight just above the 
Fermi level for hole doping and below for electron 
doping is not the same as the number of doped carriers 
but larger nearly by twice due to strong electron 
correlation [42]. 
 Figure 3(a) schematically shows the Zhang-Rice 
singlet state that is composed of a hole on the 3 2 2x yd −

orbital and a hole on a linearly combined 2 pσ orbital. 
The Zhang-Rice singlet band has a width due to hopping 
process of the singlet. The singlet can hop not only to 
nearest-neighbor sites but also to second and third 
neighbor sites as shown in figure 3(a). The hoppings are 
denoted as t (nearest neighbor), t′ (second neighbor), 
and t′′ (third neighbor). It is important to notice that the 
magnitude of t′ and t′′ are predominantly determined 
by ppT . The d10 configuration and its motion are shown 
in figure 3(b). The configuration behaves similar to the 
Zhang-Rice singlet, although charges are different. Even 
in the d 10 state, there are significant hopping 
contributions between the second and third neighbors, t′
and t′′ , which are also controlled by ppT . We can map 

the d - p model onto a single band model according to 
the procedure given by Zhang and Rice [41], resulting in 
the t - t′ - t′′ - J model as shown in figure 3(c), where J
is the nearest-neighbor exchange interaction between 
localized spins. The Hamiltonian is given by  
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(5) 
where = xδδδδ and y , ′ = +x yδδδδ and −x y , and 2′′ = xδδδδ
and 2y , x and y being the unit vectors in the  

Figure 3. (a) A schematic representation of hoppings of the 
Zhang-Rice singlet state, t′ and t′′ , in the CuO2 plane 

consisting of the 3 d ( 2 2x y− ) orbital on Cu ion and the 2 pσ
orbital on O ion. The arrows denote spin of a hole. (b) A 
schematic representation of hoppings of d10 configuration created 
by electron doping. The arrows denote spin of an electron. (c) 
Interactions of the t - t′ - t′′ - J model. The circle represents 
the Zhang-Rice singlet state in the original Cu-O model. 
 
x and y directions, respectively. The operator 

(1 )c nc σ σ σ, , ,−= −i i i% annihilates a localized particle with 
spin σ at site i with the constraint of no double 
occupancy, and Si is the spin operator at site i .

The magnitude of t and t ′ evaluated numerically 
from d - p clusters [43,44] exhibits small difference 
between the hole- and electron-doped cuprates in spite of 
large difference of their electronic states, for instance, 
( ) ( 0 44 0 18)t t ′, = − . , . and (0 40 0 10). ,− . for hole and 
electron dopings, respectively, in units of eV [43]. This 
ensures the use of the t - t ′ - t ′′ - J model for both 
systems. The magnitude of t ′′ is usually determined by 
fitting the Fermi surfaces obtained by the local-density-
approximation calculations to those of the tight-binding 
model. A single-hole dispersion for insulating cuprates is 
also used for determining t ′′ [45].  
 
3. Asymmetry of hole- and electron-doped 
cuprates 
Let us start with the single-particle spectral function of 
the t - t ′ - t ′′ - J model at half filling ( 0x = ). The 
spectral function at zero temperature is given by  

( ) ( ) ( )A A Aω ω ω− +, = , + ,k k k  (6) 
and  

2
0( ) 0 ( ( ))m

m
A m a E Eσ

σ
ω δ ω± ,

,
, = − ,∑ kk m (7) 

where A− ( A+ ) is the electron-removal (electron-

addition) spectral function, †a cσ σ, ,=k k% and c σ,k% for 

A+ and A− , respectively, †c σk% ( c σk% ) being the creation 
(annihilation) operator for an electron with momentum 
k and spin σ . m is the eigenstate with the 
eigenvalue Em. The chemical potential is set to be zero in 
energy. To calculate the spectral function, we use 
numerically exact diagonalization method for a 20-site 
square lattice and impose twisted boundary conditions 
instead of standard periodic boundary conditions, in 
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order to obtain all momenta in the Brillouin zone. Details 
for calculation have been shown elsewhere [32].  
Figure 4 shows the weight map along the high-symmetry 
lines in the first Brillouin zone. The on-site Coulomb 
interaction that determines Mott-gap magnitude is set to 
be 4 10U t t J/ | |= | | / = , and 0 25t t′/ = − . , 0 12t t′′/ = . .

The top of the lower Hubbard band is located at 
( 2 2)π π= / , /k . Quasiparticle energies at around ( 0)π ,

are lower than that of ( 2 2)π π/ , / . The spectral weights at 
around ( 0)π , are suppressed in contrast to the case of 
the t - J model, where the quasiparticle energies at both 

( 0)π= ,k and ( 2 2)π π/ , / are almost degenerate and their 
weights are similar [45]. On the other hand, the 
quasiparticle at ( 0)π , in the upper Hubbard band is 
located at the bottom of the band. Therefore, the charge 
excitation with minimum energy is from ( 2 2)π π= / , /k
in the lower Hubbard band to ( 0)π , in the upper 
Hubbard band. In other words, the Mott gap in the two-
dimensional insulating cuprates is an indirect gap. From 
such an indirect nature, we can expect that doped holes 
predominantly enter into the ( 2 2)π π/ , / region in heavily 
underdoping, while the electrons enter into the ( 0)π ,
region.  
 We also see in figure 4 that spectral weight at the 
bottom of the upper Hubbard band ( ( 0)π= ,k ) is the 
largest among those at other regions. Since spectral 
weight at half filling is roughly proportional to the 
product of the weight of the Néel-type configuration in 
the Heisenberg ground state by that in the single-carrier 
final state, the large weights at ( 0)π , imply that the 
Néel-type configuration is dominant in the final states at 
( 0)π , . Here we note that the ( 0)π , state corresponds to 
the ground state of one-hole doped t - t′ - t ′′ - J model 
with 0t < , 0t ′ > , and 0t ′′ < [45]. The enhancement of 
the Néel-type configuration among other configurations 
in the one-hole ground state is caused by the presence of 
positive t′ , as explained in the following way. Since t′
represents hopping between the same sublattices under 
AF order, it does not change the spin arrangement of the 
Néel-type configuration. This means that the magnitude 
of t′− works as a self energy of the Néel-type 
configuration. If t′− is negative, the self energy lowers 
and the Néel-type configuration dominates the one-hole 
ground state. This results in the enhancement of AF 
correlation in the ground state. Such negative t′− occurs 
in the case of electron doping. For hole doping, since 

t′− is positive, the Néel-type configuration looses its 
weight in the one-hole ground state and thus AF 
correlation weakens. Such t′− dependent AF correlation 
holds for two-hole doped cases [46] and more holes [32]. 
 The asymmetry of spin correlation between hole  
and electron dopings discussed above can be seen  
in the dynamical spin correlation function given by  
 

( )
2

0( ) 0 ( )z
m

m
S m S E Eω δ ω, = 〈  − −∑ qq (8) 

with  
1 iiz z

i
i

S e S
N

⋅= ∑ q R
q , (9) 

where ( ) 2z
i i iS n n↑ ↓= − / and N is the total number of 

lattice site.  
 Figure 5 shows ( )S ω,q in the 20N = t - t′ - t ′′ - J
lattice [32]. For 0 1x = . of electron doping, the 
excitation at ( )π π= ,q exhibits the minimum energy 
among the momenta defined in the lattice, and has the 
largest weight. Since the staggered spin correlation 
indicates the presence of long-range AF order [32], the 
finite-excitation energy at ( )π π= ,q can be due to the 
finite-size effect that inevitably causes a discrete energy 
separation between the ground state and excited states. 
Away from ( )π π, , the spectral weights are distributed at 
the higher-energy region, whose scale is comparable 
with the spin-wave excitation of the Heisenberg model 
whose lower-bound edges are denoted by the downward 
arrows. This again confirms that the ground state is the 
AF ordered state even in the presence of mobile carriers. 
With further doping of electrons ( 0 2x = . ), the ( )π π,
spectrum looses its weight and the high-energy weights 
at other momenta shift to the lower-energy side, as 
expected from the reduction of AF correlation. This 
doping dependence is qualitatively consistent with recent 
inelastic neutron scattering measurements for an 
electron-doped material Pr 2 x− Ce x CuO 4 [47].  
 At 0 1x = . of hole doping, the lowest-energy 
excitations are not at ( )π π= ,q but at ( 0)π , as shown 
in Fig. 5(a), although the spectral weight is the highest at 
( )π π, . For 0 2x = . , the ( )π π, weight decreases and 
the weight at (3 5 4 5)π π/ , / shifts to lower energy. These 
behaviors indicate a tendency toward incommensurate 
spin correlations reported in hole-doped materials such 
as LSCO [9] and YBa 2 Cu 3 O 7 δ− [48-50]. At ( )π π,
for 0 1x = . , we find, from the comparison between the 
solid and dotted lines, that the introduction of t ′ and t ′′
shifts weights to lower-energy side, indicating the shift 
of AF spin fluctuation toward lower frequencies. 
 Based on the magnetic properties examined above, 
we can speculate a schematic energy diagram of the low-
energy sectors for the t - t′ - t ′′ - J model near half filling 
as shown in Figure 6. 0t ′ > and 0t ′ < correspond to 
hole and electron dopings, respectively. Without t′ ( t -
J model), the ground state might be a uniform state of 
charge with AF short-range correlation but without long-
range order. This state may have d -wave 
superconductivity. Near the ground state, there would be 
AF ordered state as well as charge-ordered state like a 
stripe state [8] and a checkerboard state [51-53]. The  
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Figure 4. Weight map of the spectral function for a 20-site t -
t′ - t′′ - J model at half filling along the high-symmetry lines. 

1t| |= , 0 25t t′/ = − . , 0 12t t′′/ = . , and 0 4J t/ | |= . . Twisted 
boundary conditions are imposed on the lattice in calculating 
the final states. For each boundary condition a Lorentzian 
broadening of 0 2 t. | | is used. The on-site Coulomb interaction 
that determines the Mott gap magnitude is set to be 

4 10U t t J/ | |= | | / = . The chemical potential is located at the 
zero energy. Taken from [32]. 
 
introduction of t′ gives rise to dramatic change of AF 
state depending on the sign of t′ as discussed above. For 
the electron-doped systems, the AF state becomes the 
ground state, being consistent experimental observations. 
On the other hand, the energy of the AF state increases 
in the hole-doped system and thus the uniform and 
charge-ordered states would compete each other. In fact, 
the charge-ordered states have been observed in the hole-
doped materials such as Bi2Sr2CaCu2O8+δ (BSCCO) and 
Ca2-xNaxCuO2Cl2. We would like emphasize that 
asymmetry of electronic states between hole- and 
electron-doped cuprates is caused by the presence of t′ .

Not only magnetic properties but also spectral 
functions show remarkable asymmetry between hole- 
and electron-doped cuprates. Figure 7 shows the 
asymmetry in the spectral function of a 20-site t - t′ - t ′′ -
J lattice [32]. The bold lines in the figure represent a 
noninteracting tight-binding band with the same hopping 
amplitudes as 1t = , 0 25t t′/ = − . , and 0 12t t′′/ = . ,
which is available for a guide of the band 
renormalization of the t - t′ - t ′′ - J model.  
 For a two-hole doped system ( 0 1x = . ), we find that 
large spectral weights appear at around ( 2 2)k π π= / , /
just below and above the Fermi level. We also find that 
along the (0 0), - ( )π π, direction the dispersion exhibits 
a slight downturn toward (0 0), at ( 2 2)π π/ , / . On the 
other hand, at around ( 0)π , the spectra are located 
below the Fermi level with small weight and flat 
dispersion. These behaviors are consistent with the  
 

Figure 5. Dynamical spin correlation function ( ),qS ω for a 
20N = t - t′ - t′′ - J lattice. (a) Hole doping ( 1t = ,
0 25t′ = − . , 0 12t′′ = . , and 0 4J = . ) and (b) electron doping 

( 1t = − , 0 25t′ = . , 0 12t′′ = − . , and 0 4J = . ). Solid and dashed 
lines represent the data for 0 1x = . and 0 2x = . , respectively. 
The dotted line at ( )π π= ,q in (a) represents the data for the 
t - J model at 0 1x = . . The momenta defined in the lattice are 
shown in (a). In (b) the edge of the spin-wave excitations in the 
Heisenberg model ( 0x = ) obtained by the linear-spin-wave 
theory is indicated by the downward arrow for each 
momentum. Taken from [32]. 

picture that doped holes predominantly occupy the 
( 2 2)/ , /π π region in underdoped system, which is 
expected from the dispersion at half filling as shown in 
figure 4. The most interesting feature in figure 7(a) is a 
gapped behavior near the Fermi level along the ( 0)π , -
( )π π, direction. This seems to correspond to the 
pseudogap observed in ARPES experiments for hole-
doped high-Tc cuprates [54]. The gap direction is 
sensitive to the magnitude of t ′ and t ′′ [32]. ARPES 
experiments [55] have shown that the flat band at around 
k ( 0)π= , is deeper in energy for BSCCO than for 
LSCO. Since t ′ and t ′′ for BSCCO are known to be 
larger than that for LSCO [45], the experimental data are 
consistent with the present picture that t ′ and t ′′
predominantly control the pseudogap magnitude.  
 At 0 2x = . (four holes in the 20-site lattice), the gap 
becomes less clear than that at 0 1x = . , as shown in 
figure 7(b). Along the (0 0), - ( )π π, direction, the gap 
feature almost disappears, and a downturn of the 
dispersion at ( 2 2)iπ/ , / , seen at 0 1x = . , vanishes 
completely. Furthermore, a spectral distribution near the 
Fermi level along the ( 0)π , - ( )π π, direction becomes 
continuous. We can say that overall behavior gradually 
approaches to the noninteracting band with increasing 
the hole concentration.  
 Figure 7(c) shows ( )A ω,k for a two-electron doped 
system ( 0 1x = . ). The spectra are very different from  
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Figure 6. A schematic energy diagram of the ground state and 
low-energy excited states for the t - t′ - t′′ - J model near half 
filling. 0′ <t and 0t′ > correspond to hole and electron 
dopings, respectively. 
 
those for hole doping. At around k ( 0)π= , , an electron 
pocket is seen as expected from the spectral function at 
half filling (see figure 4). Note that, in order to get such a 
clear pocket, the presence of AF order is necessary. In 
fact, strong AF correlation remains in the lattice as 
explained above. Along the (0 0), - ( )π π, direction, we 
find a clear gap in the dispersion. Other calculations of 
the spectral function for a Hubbard model with long-
range hoppings also display gap behaviors consistent 
with our results as long as U is large [27-31, 33, 36].  
 The spectral function for a four-electron doped 
system ( 0 2x = . ) is exhibited in figure 7(d). The ( 0)π ,
electron pocket seen at 0 1x = . almost disappears, 
although the spectral intensity at around ( 0)π , is still 
strong enough to show a remnant of the pocket. In 
contrast, the ( 2 2)π π/ , / gap remains clearly but with 
smaller gap magnitude. With further doping, the spectra 
show dispersions similar to a noninteracting system [32].  
 Let us discuss the origin of the gap along the (0 0), -
( )π π, direction seen for 0 1x = . and 2.0 in electron 
doping. The gap is, of course, the consequence of the 
presence of t′ and t ′′ , because there is no gap at the 
Fermi level along the nodal direction in the t - J model. 
Since t′ enhances AF correlation as emphasized above, 
the magnitude of the gap in electron doping seems to be 
related to the strength of AF correlation. Reflecting the 
sensitivity to the AF correlation, with increasing J the 
gap also increases.  
 An important point to be noticed is that the AF-
superconducting transition in electron-doped cuprates 
may be accompanied by a topology change of the Fermi 
surface from small to large ones. At the same time, the 
gap at the Fermi level along the nodal direction is 
expected to be closed in order for 2 2x yd − -wave 

superconductivity to be induced. However, in the present 
calculations, the critical electron concentration cx ,
where the gap closes, is 0 3cx ~ . , which is higher than 
 

Figure 7. Weight map of the spectral function for a 20-site t -
t′ - t′′ - J model. (a) Carrier concentration 1 18 20 0 1x = − / = .
and (b) 1 16 20 0 2x = − / = . for hole doping ( 1t = , 0 25t′ = − . ,

0 12t′′ = . , and 0 4J = . ). (c) 0 1x = . and (d) 0 2x = . for 
electron doping ( 1t = − , 0 25t′ = . , 0 12t′′ = − . , and 0 4J = . ). 
The solid curves represent a noninteracting tight-binding band 
with the same hopping amplitudes. Taken from [32] with 
modifications. 
 
experimental values of the AF-superconducting 
transition ( 0 1cx ~ . - 15.0 ) or a quantum phase 
transition [56] ( 0 165cx = . ). The discrepancy may 
indicate the presence of additional effects that have not 
been included in the present t - t′ - t ′′ - J model: For 
instance, (1) the x dependence of the parameter values, 
which has been incorporated into the studies of a t - t′ -
t ′′ -U model, [33,27,28,30] and (2) the effect of 
inhomegeneity, the presence of which has been reported 
in local probes such as muon-spin relaxation [57] and 
nuclear magnetic resonance [58,59] experiments. In any 
case, we may need to clarify the origin of the 
discrepancy. This still remains as a future issue. 
 Charge dynamics such as the optical conductivity is 
also influenced by the asymmetry caused by t ′ . The real 
part of the optical conductivity is given by 

2( ) 2 ( ) ( )rege Dσ ω π δ ω σ ω= + , (10) 

where e is the unit of the electric charge ( 0>e ), and D
is the charge stiffness, which distinguishes an insulator 
( 0D = ) from a metal ( 0D ≠ ) at zero temperature 

0T = as discussed originally by Kohn [60]. When the 
electric field is applied along the x direction, the regular 
part ( )regσ ω at 0=T is expressed as  

( )
2 2

0( ) 0 ( )reg x m
m

e m j E E
N
πσ ω δ ω
ω

= − − ,∑ (11) 

where the current operator xj for the t - t′ - t ′′ - J model 
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The D satisfies a sum rule:  

0
1 10 0 ( )

2 xx regK D d
N

τ σ ω ω
π

∞
= − = + ,∫ (13) 

where the stress-tensor operator xxτ is given by  
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Figure 8 shows the dependence of the optical 
conductivity ( )σ ω on the carrier concentration x for 
the 20-site t - t′ - t ′′ - J lattice [32]. At 1.0=x , there is a 
broad-peak structure at around ~ tω in addition to the 
Drude contribution centered at 0ω = for both the hole 
and electron dopings. Such a broad-peak structure is 
known to be incoherent charge excitations accompanied 
with magnetic excitations [61]. This is physically 
characterized as an excitation from the AF ground state 
to an excited state where wrong spin bonds are created 
by the motion of carriers. As a result of the presence of 
the broad peak separated from the Drude contribution, a 
gap-like feature, i.e., a pseudogap, emerges at around 

0 5~ tω . .
For electron doping, it has been discussed [62] that 

the pseudogap is very sensitive to not only J but also t′
and t ′′ : With increasing the absolute values of t t′/ and 
t t′′/ , the gap increases in energy. Such a pseudogap 
feature in ( )σ ω has been clearly observed in electron-
doped NCCO [12]. In figure 8(a), the gap feature is also 
seen in hole-doped case at 0 1x = . . Although the gap 
feature has not been clearly reported in the normal state 
of hole-doped LSCO, a broad peak can be seen at 

0 5~ω . eV for 0 06x ≤ . [13]. The calculated broad-
peak structure in hole doping probably corresponds to 
the broad peak observed experimentally.  
 At 0 2x = . , a remarkable difference appears between 
hole and electron dopings in figure 8: A pseudogap 
remains in electron doping accompanied by a peak at 

0 7 tω = . | | , while it disappears in hole doping. Since 
such a gap feature is related to magnetic excitations as 
discussed above, the difference should reflect the 
difference of magnetic properties. This clearly 
demonstrates the fact that charge dynamics is strongly 
influenced by AF spin correlation. At 0 3x = . , ( )σ ω in  

Figure 8. Optical conductivity ( )σ ω for a 20-site t - t′ - t′′ -
J model. (a) Hole doping ( 1t = , 0 25t′ = − . , 0 12t′′ = . , and 

0 4J = . ) and (b) electron doping ( 1t = − , 0 25t′ = . ,
0 12t′′ = − . , and 0 4J = . ). Dashed, solid, and dotted lines 

represent the carrier concentration of 0 1x = . , 0 2. , and 0 3. ,
respectively. Delta functions are broadened by a Lorentzian 
with a width of 0 1 t. | | . Insets: The x dependence of the 
Drude weight D as well as the integrated total weight K .
Taken from [32]. 
 
electron doping shows similar behaviors to the hole-
doped case. This is reasonable because the concentration 
of 0 3x = . is enough to kill AF correlation.  
 It is also interesting to compare the peak position in 

( )σ ω with the gap in the single-particle spectral 
function ( )A ω,k discussed above. In electron doping, 
the values of the gap Egap at around ( 2 2)π π= / , /k are 
1 0t. and t74.0 for 0 1x = . and 2.0 , respectively (see 
figure 7(a) and (b)). These numbers almost agree to the 
peak positions in ( )σ ω as shown in figure 8(b). Such an 
agreement indicates that the pseudogap in ( )σ ω and the 
gap in ( )A ω,k in electron doping have the same origin. 
Needless to say, AF spin correlation is the underlying 
cause of the gaps.  
 In the inset of figure 8, the Drude weight D as well 
as the integrated total weight K defined in eq. (13) is 
plotted as a function of x . Both the weights increase with 
x . Comparing the hole and electron dopings, we find 
that D as well as K is larger in electron doping than in 
hole doping. Such an enhancement in electron doping, 
particular for 0 2x ≤ . , is a consequence of the interplay 
between the charge motion and spin background, where 
the AF spin background makes possible smooth 
sublattice-charge flows via t′ and t ′′ [62].  
 
4. Summary 
In this review, we have examined the role of long-range 
hoppings on the electron-hole asymmetry of the 
electronic states in high- Tc cuprates by taking an 
approach from the Mott insulating side. In order to 
clarify the role, we concentrated on the doping 
dependence of magnetic and electronic properties in the 
hole- and electron-doped cuprates for the t - t′ - t ′′ - J
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model. We find that a fact that AF spin correlation 
remains strong in electron doping in contrast to the case 
of hole doping. This necessarily leads to a remarkable 
electron-hole asymmetry in the dynamical spin structure 
factor. The doping dependence of these quantities in 
electron doping is qualitatively consistent with recent 
experimental data, indicating the justification for the use 
of the t - t′ - t ′′ - J model.  
 We have also uncovered dramatic differences in the 
single-particle spectral function between hole and 
electron dopings. In hole doping, the quasiparticle band 
for 1.0=x is gapless at the Fermi level along the nodal 
(0 0), - ( )π π, direction, but a gapped behavior emerges 
near the anti-nodal region, being consistent with ARPES 
data in the underdoped cuprates. It is important to notice 
that the presence of t′ and t ′′ is essential to the 
pseudogap. The gap near the anti-nodal region 
disappears at 2.0=x . In contrast, the gap appears near 
the nodal region in electron doping up to 2.0=x . The 
gap is found to be correlated with the strength of AF 
correlation, indicating that the gap is magnetically 
driven. In addition to the gap, an electron pocket is 
clearly seen at around ( 0)π , for 1.0=x .

In the optical conductivity, a pseudogap feature 
clearly appears in the electron-doped system up to 

2.0=x . The origin of the gap is attributed to the strong 
AF correlation in the spin background. In fact, we find 
that the pseudogap has the same magnitude as that in the 
spectral function along the nodal direction, confirming 
the same origin.  
 Overall agreement between the t - t′ - t ′′ - J results 
and experiments indicate that an approach from the Mott 
insulator is suitable for understanding of the physics 
behind asymmetry between hole- and electron-doped 
high- Tc cuprates. From this approach, understanding Tc
difference between the two systems is one of the most 
important issues to be solved in near future.  
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