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Abstract

Electrons of orbitals near to nuclei of heavy atoms acquire speeds comparable to the speed of light in vacuum. Therefore,
to study the properties of crystals containing heavy atoms, it is necessary to take into account the relativistic effects. In
this work, using the first-principles DFT+U method, we have calculated the electronic structure and geometric properties
of uranium dioxide UO, within full-relativistic, scalar-relativistic, and non-relativistic formulations, and compared the
results. It is shown that: (i) the non-relativistic scheme gives results very far form experimental values for both lattice
constant and bang gap; (ii) in full-relativistic case which the spin-orbit effects are included, the Kohn-Sham band-gap is
increased by 6.2% and the lattice constant decreases by 0.05% compared to scalar-relativistic one. Therefore, in the study
of geometric properties of UO,, using the scalar-relativistic regime is quite accurate and one does not need to perform
much more expensive full-relativistic calculations whenever one does not study the electronic excitation properties.
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1. Introduction

UO; is one of the common fuels used in nuclear power
reactors. The experimental studies show that UO; has an
anti-ferromagnetic (AFM) crystal structure with a 3k-order
at temperatures less than 30 K, while at higher temperatures
it assumes a para-magnetic form [1,2]. Analysis of earlier
experimental results [3] had shown that the uranium and
oxygen atoms occupied respectively the octahedral (4a) and
tetrahedral (8c) symmetry positions of cubic space group
Fm3m (No. 225) with lattice constant of 5.47 Angstrom,
which is shown in figure 1. However, more recent XRD
experiments [4] has shown that UO; crystallizes with a less
symmetric cubic space group Pa3 (No. 205) with oxygen
atoms slightly displaced inside the cube.

The electronic structure of UO, has already been
investigated by other researchers [5-14]. It is well-known
that the ordinary approximations used in density-
functional theory (DFT) [15, 16] description of the system
usually lead to incorrect metallic behavior while it is
experimentally found to be an insulator, the so-called
"Mott insulator". The incorrect metallic prediction arises
from the usual approximations in which the partially-
filled "localized" 5f and/or 6d valence electrons in
uranium atoms or 2p valence electrons in oxygen atoms
are treated by the same footing as other "delocalized"
ones. To overcome this problem, one of the ways

researchers commonly resort to, is the method of DFT+U
[11, 17-19] which is computationally less expensive and
also adopted here in our calculations; another method is
using orbital-dependent hybrid functionals for the
exchange-correlation (XC) energy functional [13].

It is well-known that electrons of orbitals near to nuclei of
heavy atoms, here the uranium ones, acquire very high
speeds comparable to the speed of light and therefore one
has to take into account the relativistic effects. Some
researchers have already investigated the relativistic
effects of U-atom on the properties of UO, crystal using
the LCAO method and obtained incorrect stable
ferromagnetic phase with incorrect metallic properties for
both relativistic and non-relativistic schemes [20]. To
estimate the speed of inner electrons for U-atom, we use
the simple Bohr model for hydrogen and ignore the
electron-electron interactions. The speed of electron is

given by V, =4/kZe? /m,r in which k =8.99x10°,
m, =9.11x10™ and e =1.6x107* in SI units. For

U-atom, we take Z =92, and using the positions of the
peak of atomic wave-functions as the radii of Bohr orbits,
we estimate the speeds of 1s, 2p, 3d, and 4f electrons. The
results are tabulated in table 1.
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Table 1. Estimation of the speed for inner electrons of U and O
atoms using the simple Bohr model. Here, ao =0.529 Angstrom
and c is the speed of lightc ~3x108m/s .

atom Z nl  r.fag ve/c
U 92 1s 0.008 0.80
2p  0.041 0.40

3d 0.114 0.20

4f  0.286  0.10

0.129  0.06

Figure 1. UOz crystal structure at low temperatures with cubic
space group Fm3m (No. 225) with lattice constant of 5.47
Angstrom. Grey and red balls represent uranium and oxygen
atoms respectively.

The results in table 1 show that for O atoms we do not
need to take relativistic effects into account. However, for
U atoms the speeds of inner electrons are comparable to
that of light.

The relativistic effects are usually considered within two
“scalar-relativistic” (spin-orbit interaction is negligible)
and “full-relativistic” (spin-orbit effect is significant)
levels. In the full-relativistic approach, one solves the
Dirac-Kohn-Sham equations.

In this work, using the first-principles DFT+U method, we
have calculated the electronic structure and geometric
properties of uranium dioxide within full-relativistic (FR),
scalar-relativistic  (SR), and non-relativistic (NR)
formulations, and compared the results. In all our
calculations, the simplified model of 1k-order AFM
configuration for uranium atoms were used. Also, for the
geometry optimizations we have applied the constraint of

Fm3m space group which does not affect much the
results. Our calculations show that the equilibrium lattice
constants in the FR and SR approaches differ slightly (by
0.05%) while the electronic gaps differ significantly (by
6.2%). On the other hand, the equilibrium lattice constants
in the SR and NR cases differ relatively significantly (by
2%) and the difference in the energy gap is very large
(64%). Therefore, in the study of UO;, using the SR
regime is quite accurate whenever one does not study the
electronic excitation properties.

The organization of this paper is as follows. In Section 2
the computational details are presented; in Section 3 the
calculated results are presented and discussed; Section 4
concludes this work.

2. Computational details

2.1. Pseudopotentials

For the atoms U and O, we have employed norm-
conserving pseudo-potentials (NCPP) generated by the
APE code [21]. To make the NCPP's transferable, we have
applied nonlinear core correction in the generation step
for all three NR, SR, and FR cases. For the NCPP
generation in NR, SR, and FR cases, we have used the
reference valence configurations of U(6s2, 6p6, 752, 7p0,
6d1, 5f3) and O(2s2, 2p4). In the FR case, the pseudo-
potentials were generated by solving the Dirac's equation
(Appendix A).

In the NR pseudo-potential generation, the KS equations
were solved self-consistently in the spherically symmetric
effective potential for the atom, while in the SR ones, the
simplified Dirac's equations, in which the spin-orbit term
in the Hamiltonian is initially omitted but the "mass-
velocity" and "Darwin™ terms were retained [22], were
solved self-consistently. Finally, for the FR case, the two-
coupled equations (A.4)-(A.5) are solved self-
consistently. Even though the valence electrons may have
small speeds compared to the inner relativistic electrons,
their orbitals also undergo some modifications because
the effective potentials were modified via the
contributions of high-speed core electrons.

2.2. Electronic structure of UO>

All calculations are based on the solution of the KS
equations in DFT using the Quantum-ESPRESSO code
package [23, 24]. Performing convergency tests, the
appropriate Kkinetic energy cutoffs for the plane-wave
expansions were chosen as 350 and 1400 Ry for the wave
functions and charge densities, respectively. To avoid the
self-consistency problems, we have used the Methfessel-
Paxton smearing method [25] for the occupations with a
width of 0.01 Ry. For the Brillouin-zone integrations in
geometry optimizations, a 6x6x 6 grid with a shift were
used; while for density-of-states (DOS) calculations, we
have used a denser grid of 8x8x8 in reciprocal space
and "tetrahedron™ method [26] for the occupations. In
DFT+U calculations, we have chosen the optimum value
of 4.0 eV for Hubbard-U, which whenever used in
conjunction with non-orthogonalized projection to
Hubbard atomic orbitals, reproduces the experimental

lattice constant. Taking into account the Fm3m
constraint, all geometries were fully optimized for total
pressures on unit cells to within 0.5 kbar, and forces on

atoms to within 10°° Ry/a.u. To handle the multi-minima
total energy function for the lowest energy in DFT+U
approach, we have used the occupation-matrix control
(OMC) method [27] which was also previously used by
others [11, 19]. Examining different XC schemes, we
found that the generalized gradient approximation (GGA-
PBEsol) [28, 29] results in the best agreement with the
experimental lattice constant (by construction) and the
band-gap. Therefore, in the calculations of this work we
employ GGA-PBEsol. Finally, in all our calculations, the
simplified model of 1lk-order AFM configuration for
uranium atoms were used.
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Figure 2. All-electron U-atomic valence orbitals for NR, SR, and FR cases. As is seen, the 6s and 7s orbitals in the NR case are spatially
expanded relative to SR and FR cases, and this, in turn, leads to the increase of equilibrium lattice constant in NR level of computations.

3. Results and discussions

3.1. Pseudopotentials

The pseudo-potentials for U and O atoms were generated
using the APE code package. In figure 2, we have
compared the atomic all-electron valence orbitals 6s, 6p,
7s, 7p, 6d, and 5f radial wave-functions for U-atom. As is
seen, the 6s and 7s orbitals in the NR case are spatially
expanded relative to SR and FR cases, and this, in turn,
would lead to larger equilibrium lattice constant in NR
case. For oxygen, the atomic all-electron valence orbitals
2s, and 2p are compared in figure 3. As is clearly seen, the
relativistic treatment of O-atom does not bring any
corrections to the NR orbitals. However, for the sake of

consistency we use the same regime for U and O pseudo-
potentials in NR, SR, and FR calculations of UO..

3.2. Electronic structure of UO2

As was mentioned in the above, using the GGA-PBEsol
approximation for the exchange-correlation leads to
excellent agreement with experimental results. To take
into account the anti-ferromagnetic configuration of U
atoms, we have used a simplified 1k-AFM configuration
in which the U atoms change the magnetization in the z
direction alternatively. The geometries were optimized

with the constraint of Fm3m space group. In the
DFT+U calculations, to avoid meta-stable states, we have
used the OMC method.
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Figure 3. All-electron O-atomic valence orbitals for NR, SR, and FR cases. As is seen, the 2s and 2p orbitals in all cases of NR, SR,

and FR are more or less the same.
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Figure 4. Electron density of states (DOS) for the NR, SR, and FR cases. The Fermi energies lie inside the gaps, leading to insulator

properties for the three cases.

Table 2. Equilibrium lattice constant, a, in Angstrom; Kohn-
Sham electronic band gap, Eg , in eV for the three schemes of
NR, SR, and FR compared with experimental values.

scheme a(4) E, (eV)
NR 5.588 0.97
SR 5.480 2.72
FR 5.477 2.90
Exp. 5.470 2.20

In figure 4, the total electron density of states (DOS) are
plotted for the three cases. It is found that the ground
states are insulators for all the three cases.

In table 2, the results for equilibrium lattice constants are
listed. As is seen, the difference in the lattice constant is
very small in the FR and SR approaches (0.05%) while
the electronic gaps differ significantly (by 6.2%). On the
other hand, the equilibrium lattice constants in the SR and
NR cases differ relatively significantly (by 2%) and the
difference in the energy gap is very large (64%). These
findings show that the NR scheme for both geometric and
electronic properties are very far from experimental
values and must be discarded in the study of UO2. On the
other hand, using the SR regime is quite accurate
whenever one concerns the geometric properties and not
the electronic excitation properties.

In figure 4, the total electron density of states (DOS) are
plotted for the three cases. It is found that the ground
states are insulators for the three cases.

4. Conclusions

In this work, it was shown that the inner electrons of U
atom have speeds comparable to that of light and one has
to take into account the relativistic effects. However, these
effects for the O atom is negligible. NCPP's were
generated in three NR, SR, and FR levels and used for the
calculation of the properties of UO; crystal. The AFM
configuration of U atoms were modeled by a simplified
1k-order AFM. In the DFT+U calculations, to avoid meta-
stable states, the occupation-matrix control method was
used. The results showed that NR scheme predict
incorrect results for both geometric and electronic
properties and must be avoided. However, the SR and FR
approximations give accurate and more or less similar
results for the geometric properties (0.05% difference in
lattice constant), but the band gaps differ by 6.2% and one
would expect differences in the excitation energies.
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Appendix A. Dirac Equation

The Dirac equation for an electron in a scalar potential V
is given by

H, W(F) = E¥(r), (A1)
H, =c(a@- p)+Bmc? +VI,, (A2)

0 3) o

in which o;’s are Pauli matrices and |2 is a two-

Ioj © (i=1,2,3), (A3)

dimensional unit matrix. P, M, and C are electron

momentum,  electron rest mass, and light speed in
vacuum, respectively.

For a scalar potential with spherical symmetry, it can be
shown that the Dirac equation transforms to the following
two coupled equations:

2 2
_h_izi{rzdgn,(}wh Wy |
2M r- dr dr 2M r
__ ¥ dvdg, (A4)
AM?%c? dr dr
3 h? d_V1+Kg _Eq
AM%c?dr r ™ !
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