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vi[x ] :=

SOLVING THE SCHROEDINGER
EQUATION FOR BOUND STATES
WITH MATHEMATICA 3.0

This software is based on : Solving the Schr dinger Equation for Bound States by
P. Falkensteiner, B. Grosse, FranzF . Sch berl, P. Hertel '
Computer Physics Communication 34 (1985) 287 ~ 293
The energy and the reduced
radial wave function for a bound state with given numbexr of

nodes n0 and angular momentun
1 is calculated . The potential has tobe spherical symmetric. *)

Print[StyleForm[“"Usaga:

\nel ..... lower bound of the enexgy,

\neu ..... upper bound of tha energy

\nn0 ..... radial excitations, number of nodes

\nl ...... orbital excitations,

\nfeh .... error on the energy, build in as FEH=0.00001

\nh ... .. integration stepsize, detarmines the number of the integration steps
\n and thus the accuracy of the determined energy

\nml, m2 ..... constitutent masses",

FontColor -> .
RGBColor[0.0156252, 0.234379, 0.9B0484], FontWeight -> "Bold", FontSize -> 14}]

Print[StyleForm["schroelel,eu, n0,1,h,mi, m2] ..... calling procedure”,
FontColor -> RGBColor[0.996109, 0, 0]]]
Print|

StyleForm["The output reduced wave function (not normalized) is called yschrix].
\nThe plot of the wave function is called yschrplot.
\nExample, harmonic oscillator:
\n(l) Define potential: vl(x_ ) := x”*2", FontColor ->
RGBColor[0.0156252, 0.234379, 0.980484], FontWeight -> "Bold", FontSize ~> 14]]
Print[StyleForm["Note: The name of the potential must be vl1",
FontColor -> RGBColoxr[0.996109, 0, 0]]}
Print[StyleForm(
"(2) Start solving the Schroedinger equation: schroe[-1,20,1,2,0.1,0.336,0.336]
\n The a%ove procedure will solve the equation for the first radial and second
\n orbital excitation.", FontColor -> RGBColor([0.0156252, 0.234379, 0.380484],

FontWeight -> "Bold", FontSize -> 14]]
m; m,
Print[StylaFom["The equation to be solved is (with i =c =1, pu = —_—
m; +m,
e ¢(0+1)
+

dr? r?

1
\n['z—u (- ¥y + V() )¥a,e(T) = Eny Yx{,i(r)l yschr([x] & yn,/(T),

\n2n,r,a () = Z'Ll;l"h.m(ﬂ): J::(Yn,l(r))z dr = 1.",

FontColor -> RGBColor[0.996109, 0, 01]]
Print{StyleForm{

"The accuracy can be increased by decreasing h, this increases the numbar of
\nintegration steps. The higher the number of integration steps the more accurate
\nthe eigenvalues as well as the eigen functions. The reduced wave function will
\nbe plotted in addition.

A measure for the accuracy is also the shapa of the wave
\nfunction. It should vanish for the largest numerical x, otherwise one has to
\ndecrea-s h.",
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FontColor ->
RGBColor[0.0156252, 0.234379, 0.98048B4], FontWeight -> "Bold", FontSize -> 14]]
Print[StyleForm["If you run schroe{el,eu,nl0,1l,h,ml m2]}
you automatically will be asked if you like to plot the reduced
\nwave function.", FontColor -> RGBColoxr[0.996108, 0, 0]]};
(* xwmill calculates the
ninimun of the potential most to the right. The minimum is called
xwmin., xrat is some guessed x-
value most to the right (here xrat = 20). weil is the
stepsize of the minimum sea:xch (here is xweil = 0.5). %)
xwmill{1ll_, hl_, weil , xratl_, wwl_] :=
Module[{l =11, h=hl, weit = weil, xrat = xratl, ww = wwl},
del =h/10;
xs = xrat;
If[xs < del, Goto[ll]];
If{l<1, Goto[3]]:
Label[l];
If[xs <weit +del, xs = del; Goto[2]];
ms =wwxvli{xs] + 1+ (1+1) /x8"2;
rs=wwxvi[xs+weit] + 1»(1+1)/ (x3 +weit)*2;
ls =wwavli[xs-weit] + 1+ (1+1)/ (x8-weit) *2;
If[rs>ms && ms > 18, x8 = x8 - weit; Goto[l]];
If{rs<ms && 1s > ms, x8 = X8 + weit; Goto[l]];
If{rs=1s, Goto[2]];
If{rs>ms && 1s >ms, If[weit <h, Goto[2]]; weit = weit/10; Goto[l]];
Print["SOMETHING IS WRONG, ANALYZE POTENTIAL"];
Goto[10]);
Label{3];
Label(la};
If{xs <weit +del, xs =del; Goto[2]}; =
ms = wwxvl[xs]};
rs=ww+vl[xs +weit];
1s = wwevl[xs -wait];
If[rs >ms && ms > 18, xs = xs -weit; Goto[la]};
Iffrs <ms && 1s > ms, x3 = xs +wait; Goto[lal};
If[rs=1s, Goto[2]];
If[rs >ms && ls > ms, If[weit <h, Goto[2]]; weit =weit/10; Goto[lal];
Print ["SOMETHING IS WRONG, ANALYZE POTENTIAL"];
Goto[10];
Label[1l1};
Print[“AMIN TOO SMALL"];
Goto[10];
Label{2]};
xwmin = x8;
Label {10} ;
Return("end"]]
(+ The program schroe .
schroaefell , eul , n01_, 11 ,hl_,ml_, m2 ] :=
Module[{el =ellxww, esu=eulwww, n0=n0l, 1=11, h=hl, wl=ml, w2 =m2},
(* Determinig the minimum of the potential most to the right x)
ww = 2#wlew2/ (w1l + w2);
xwmillfl, h, 0.5, 20, ww];
xwmin = xwmin + h;
del = h/10;
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feh = 0.00001 « ww;

(* Dafining diffl = Veff - e, y'' = (Veff - e}y %)
difflxxx_, 1_, een_] r=wwevlxx] + 1w (1+1) /xxx”2 -een;
Label [300] ;

seh = eu - el;
eps = (el + eu) / 2;
(* Starting the integration with the boundaries y (del) = del” (1+1},
y' (del) = (l+1) del”l
and with the enargy eps
equal to the arithmetic mean of the preceding lower and upper
bounds of energy €l and eu w)
x = del;
y=x*(1+1);
yp= (1 +1)*x*1;
yold=1;
nOx =0;
(* If the desired accuracy
(prescribed error feh) has been obtained, the bound state
energy is taken as the arithmetic mean of the last el and eu ¥)
If[seh < feh, Goto[l]]:
(* Integrating y'' =
(Veff - e) y one step h further with the Runge - Kutta method *)
Label[2]:
al=yp»h;
bl =difflfx, 1, eps) *rhxy; a2 = (yp + b1/2) «h; hh=diffl[x + h/2, 1, eps] xh;
b2=hh# (y + a1/2); a3 = (yp + b2/2) #h; b3 =hh« (y + a2/2); ad = (yp + b3) *h
x = x + h; u2 = diffl[x, 1, eps]; b4 = u2+h+ (y + a3);
y=y+ {(al 4« 2«22 + 2%a3 + a4) /6;
yp = yp + (bl + 2+b2 + 2%b3 + b4} /6;
(* Counting the number of nodes by nOx until the prescribed n0 is reached *)
If{ywyold > 0, Goto[3]];
n0x =nlx+1;
If[n0x > n0, Goto[4]]:
Label[3];
yold=y;
(* If the following condition is not fullfilled,
x is greater then the classical turning
point (u2 has the value of Veff - eps at the point x). *)
If[(v2< 0| x <xwmin), Goto[2]];
(» If (after stating that
x greater then the classical turning point) yxyp is greater
than 0 (i.e. y and yp have the same sign), one is sure that y goes to infinity
without having additional nodes. Otherwise one has to integrate further x)
Z=yYryp) '
If[z <0, Goto[2]]-
(* If v goes to infinity, a new el is established by eps. %)
al = aps;
Goto[300];
(*# If nox exceeds n0, a new eu is established by eps *)
Label[4]);
eu = eps;
Goto[300];
(* In the following lines the
wave function y is calculated using the above calculated bound

state energy (the last eps)
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by the same method as above. In addition y is stored in feldl
at x which is stored in xcooxd,
and the number of integration steps is counted by j. =)
Label[l]:
ap = a@ps;
3=0;
Label[20] ;
i=3+1;
feldl(j] = y;
rcoord{j] = del + (3J~1) «h;
i1 = 3;
xmax = xcoord[jl];
(# Integrating v'' =
{(Veff - @) y one step h further with the Runge - Kutta method %)
al=yprh;
bl =diffl[x, 1, eps] *hwy; a2 = (yp + b1/2) «h; hh=diffl{x + h/2, 1, eps] *h;
b2=hh*(y + al/2);a3=(yp + b2/2)wh; b3=hh#(y + a2/2); a4 = (yp + b3) xh;
x = x + h; u2 = difflfx, 1, eps]; bd = u2+hx (y + a3);
y2y+ (al + 2%wa2 + 2»a3 + ad) /6;
yP = Yp + (bl + 2#b2 + 2+«b3 + b4) /6;
If[y+yold » 0, Goto[30]1};
nOx =n0x+1;
If{n0x > n0, Goto[40]}-;
Label[30};
yeld =y
If{(u2<0 || %< xwmin), Goto[20}};
Z=yRyYP;
If{z <0, Goto[20]}:
Label[40];
(* The reduced radial wave

function yschr obtained from the interpolation of the data stored
in feldl and in xcoord %)
yschr = Interpolation|Table[{xcoord[j], feldl{3jl}, {3, 1, 31}]}):
xmax = xcoord{jl];
(» Output of the resulting energy eigenvalue and the input data =)
Print[
StyleForm["E = ",
FontColor -> RGBColor[0.996109, 0, 0], FontWeight ~-> "Bold", FontSize -> 16},
StyleForm([N[ep /ww, 10], FontColor -> RGBColor[0.996109, 0, 0],

FontWeight -> "Bold", FontSize ~> 16}, ",",

StyleForm{" L = ",

FontColor -> RGBColoxr[0.996109, 0, 0], FontWeight -» "Bold", FontSize -> 16},
StyleForm{l,

FontColor -> RGBColor[0.996109, 0, 0], FontWeight -> "Bold”, FontSize ->16], ", ",
StyleForm{" N = ",

FontColor -> RGBColor[0.996109, 0, 0], FontWeight -> "Bold", FontSize -> 16],
StyleForm{nO,

FontColor -> RGBColor([0.996109, 0, 0], FontWeight -> "Bold", FontSize -> 16], ",",
*\nIntegrationsteps = *, 31, ",", " h = ",
h, *,", " del s ", del, ",", “"@l = ", @l, ",", " @gu = ", eul,
StyleForm[“"\nLargest x, upper integration limit, XMAX = ",
FontColor -> RGBColor [0, 0, 0.996109], FontWeight -~> "Bold", FontSize -> 16],
StyleForm|[xmax,
FontColor -> RGBColor{0, O, 0.996109], FontWeight -> "Bold", FontSize ->16], ",",
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StyleForm["\nSmallest x, lower integration limit, XMIN = del = ",
FontColor ~> RGBColor{[0, O, 0.996109], FontWeight -> "Bold", FontSize -> 16],
StyleForm[del,

FontColor -> RGBColoxr[0, 0, 0.996109}, FontWeight -> "Bold", FontSize -> 16], ".",
StyleForm["\nThe reduced not normalized wave function is yschr[x].
\nThe normalizationfactor is given by:
\nl/NIntegrate[yschr[x]*2, {x,del,xmax}]", FontColoxr ->
RGBColor{0.996109, 0.500008, 0.250004], FontWeight -> "Bold", FontSize -> 16] ]
(# Preparing the ploﬁ of the reduced wave function yschr x)
zz = InputString[ "You like to plot the (not normalized)reduced
wava function? Type yes and click OK, otherwise click just OK "y
If[zz == "yes",
yschrplot = Plot[yschr[x], {x, del, xmax}, PlotStyle -> GrayLevel(0],
AxesLabel -> {"x", "yschr"}, DefaultFont <> {"Times-Bold", 12},
Background -3 RGBColor({0.996109, 0.996109, 0], PlotLabel ->
FontForm[™ Not normalized\t reduced\n wave function”,
{"Helvetica-Bold", 14}1] ,
Print[StyleForm{"OK NO PLOT", FontWeight -> "Bold",
FontSize -> 18, FontColor -> RGEColor[0, 0.500008, 01]11]:
Returnf]] :
schroe[0, 10, 1, 1, 0.01, 9, 9]

Usage:
el ..... lower bound of the enerxgy,
eu ..... upper bound of the energy
no0 ..... radial excitations, number of nodes
1 ...... orbital excitations,
feh ....

error on the energy, build in as FEH=0.00001
h ...... integration stepsize,

determines the number of the integration steps

and '

thus the accuracy of the determined energy

ml, m2 ..... constitutent masses

schroefel,eu,n0,1,h,ml,m2] ..... calling procedure

The output reduced wave function (
not normalized) is called yschr[x].
The plot of the wave function is called yschrplot.
Example, harmonic oscillator:
(1) Define potential: vl(x_) := x"2

Note: The name of the potential must be vl

(2) Start solving the Schroedinger

equation: schroe[-1,20,1,2,0.1,0.336,0.336]
The above procedure will solve the
equation for the first radial and second
orbital excitation.
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Fhe equation to be solved is (with ™ = C = 1, @ v e
[;Z;'- (- —;;—:- - -f—-%;—l—?--) + V() 1¥ne (T} = Bee ¥o,0(r), ¥yschr(x]l = yno (£,
ren (21 = Ekﬁgifi»vna(a), J:(ynﬁtr>>: dr = 1.
The accuracy can be increased by
decreasing h, this increases the number of
integration steps. The higher the number
of integration steps the more accurate
the eigenvalues as well as the eigen
functions. The reduced wave function will
be plotted in addition. A measure for
the accuracy is also the shape of the wave
function. It should vanish for the
largest numerical x, otherwise one has to
decrease h.
it yeou run schreefel,eu,nd, 1, h,ml,
2} you automatically will be asked if you like to plot the reduced

wave function.

E = 0.5709505081, L. = 1, N = 1,

Integrationsteps = 799, h = 0.01, del = 0.00%, el = 0, eu
Largest

x, upper integration limit, XMAX = 7.981
Smallest x, lower

integration limit, XMIN = del = 0.001.
The reduced not normalized

wave function is yschr[x].
The rormalizationfactor is given by:
Eﬁﬂimtagxate[yschr[x}“Z!{x,del,xmax}}

OK NO PLOT



