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Abstract

In this paper, we investigate the entanglement teleportation of a two-qubit state under XYZ Heisenberg interaction in a cavity using
the Jaynes-Cummings model. We analyze the channel entanglement, output entanglement and fidelity as a function of decoherence
rate and spin coupling constant. We find that the teleportation is more effective if we take the proper initial input state.
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1. Introduction

The quantum teleportation was introduced by bennet [1] as a
technique for moving quantum states via a quantum channel
with the help of local operation and classical communication
[1].Various systems have been used as the quantum channel in
the teleportation process [2-9]. One of the systems that can be
used for teleportation is cavity quantum electrodynamics [10-
12]. The Jaynes-Cummings model is a simple description of
the interaction between two-level atoms and single mode
radiations, which can be a good choice as the quantum channel
[13]. On the other hand, the interaction between the system and
environment causes decoherence. Intrinsic decoherence, as
proposed by Milburn, is a model for the description of an open
system based on [14]. This model is applied in the study of the
decoherence effects in open quantum systems [15] and in the
Jaynes-Cummings model [14].

In this article, we intend to study the teleportation via two-
qubit Heisenberg interaction in the Jaynes-Cummins model and
intrinsic decoherence. We have organized the paper as follows.
In section 2, the Hamiltonian of the system is introduced and
the density matrix of the system is obtained. In section 2, we
study the entanglement of the quantum channel and the output
state. Teleportation and fidelity properties are analyzed in
sections 3 and 4, respectively. Finally, in section 5, the
conclusions is made.

2. The Hamiltonian of the system

The system consists of two two-level atoms with the
Heisenberg interaction in a single-mode cavity. The
Hamiltonian of the system can be written as [15].

H = Hipy + Heielg + Hatoms Q)
where H,, is the atom-cavity interaction Hamiltonian, Hggg
is the field Hamiltonian and H s is the atoms Hamiltonian.
With rotating wave approximation [15]

Hp = Q(aof + aoir + aTof + aTO'Z_), 2)
Hpyq =va'a, (3)
Hoyoms =3 (0F +03) 4 J,0103 4,010} + J.of05).  (4)

where € is the atoms-field coupling coefficient. We suppose
atoms and field have equal coupling coefficients. J;(i =x,y,z)

is the spin coupling constant, @ is the tradition frequency
between two states of the atoms, v is the frequency of the
field, and a and a' are the annihilation and creation operators
respectively; o:*"?(i=1,2) refers to the Pauli matrices and

1
L1

o; =5(0';C +07). Also, we suppose the atoms and field are

resonant; then v=w.
The Hamiltonian can be written as

H==J | N 0)(T 0] +7 11 0) (N o]+ 7| N 0) (Y1 o
o) (I o+l (1L o+ oW (I )
oD 1[+ L (W 1]+t o) (1],

where J=J,+J ¥ .T means that atom is in the excited state, |

_Jz

+Q
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Figure 1. Concurrence of two atoms with Q =1, J, =05, J,=0.75 ,and J, =1.

shows that atom is in the ground state, |0> represents that field is

in the vacuum state and |1) means field is in the excited state. The

matrix representation of the Hamiltonian can be written as:

0 0 0 0000 0
0 -J, J 0000 Q
0 J -J., 0000 Q
0 0 0 0000 0
H= , (6)
00 0 0000 0
00 0 0000 0
0 0 0 0000 0
0 Q Q 0000 J|

The Non-zero Eigenvalues and the corresponding eigenvectors
of H are given by

E=—J—J,,
Ey =2 -4,
Ey=~(J + ),

2 %)
|W1):—|T¢ o>+|¢T o),
l2) = B;éJz Mo+ B;é"z 1 0)+| 44 1),
Jws)= S22 o)+ 22U o) ¢ L),

where 4 =/8Q% +(J —2J,)> ,B=J —8Q% +(J -2J.)* ,
C=J++80%+(J-2J,)" .

The master equation describing the intrinsic decoherence is
given by [16]

DL [ pla)e 10 - pis) | ®)
dt

where ¥ is the intrinsic decoherence rate. Dynamics of the
density operator p(l ) with the initial state p(O) is given by
[17].
/4 2.
1= ~2(E, —E,)* —i(E, —E,)t
p(t) ijnexp[ By ~E,)’ ~i(E, - E,) } o
(W | PO )W) (W |-
where E;(i=m,n) and y;(i =m,n) are the eigenvalues and the
corresponding eigenvectors of H, as given in the equation (7). We

consider that the system is initially in the |T~L 0> state. So,
p(0) reads:

| el y=023
--- y=035
1 — y=073
] _ T_l
2 o
p(0) = |N o)(N 0|, (10)

With substituting (7) into equation (9), we can obtain the
density matrix of the whole system; after tracing out the degree
of the field, the reduced density matrix can read with the
following form:

o o o
O =% o
© o o

Pt = , (11)

o 0O N o

0 0 FE

The density matrix of the system is too complicated to write
out here, so we will discuss the numerical results.

3. Entanglement of channel

The concurrence of two qubits is defined by [18]

C(p) =max(0, 4 — Ay = A3 = A4), (12)
where 4; (i=1,2,3,4) refers to the square roots of the
eigenvalues of the density matrix in a decreasing order

*
Rzp(cry@cry)p (ay®cry), (13)
where o is one of the Pauli matrices. The concurrence for

p(t) in the equation (11) is a function of the system
parameters. Numerical simulation results for this case are
shown in figure 1. We have plotted the curves for four values
of y by considering 0 <y <1 .

It is observed that the entanglement shows an oscillating
behavior in time. Its amplitude is a decreasing function of y ;
this is because by increasing the intrinsic decoherence, the
chaos in the system is increased. Also, with the passage of
time, the concurrence approaches a stable value. It means even
under high intrinsic decoherence, the quantum channel remains
entangled.

4. Entanglement Teleportation
According to the standard teleportation, we consider Alice and
Bob who share an entangled state given by equation (11).

Alice is given the pure state p;, = |‘// in><l//i,,| , Where
|l//in> = cos§|10>+ g sin%lOl) and (0<0<7,0<p<27).

The aim of Alice is to send this state by equation (11). The
output state is given by [17]

Pou=D . Pur(@u ®)P(0,©0,) (14)

where cr,u",(,u,v:l,2,3) refers to the Pauli matrices and
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Figure 3. (color online) Fidelity of system versus ¢—¢ with

y=002,Q=1,J,=1,J,=2,J,=3,and §=1.

Py =THE* p(OITHE" p(1)],

v v =1,
el
£ =l )]
EX- ¢+><¢+ B = W+><'//+ ,

¢ =(1/J§)(|00)J_r|11)) yt :(1/\/5)(|01)J_r|1o))4
We calculated the entanglement for the output state p,,, . The

result is shown in figure 2. It can be observed that at ¢ = 0 , the
entanglement begins around 0.4 and it is an oscillating
function of time; also, the amplitude of the entanglement is a
decreasing function of the decoherence parameter y . Further,
as time passes, the concurrence keeps a stable value.

5. Dynamics of fidelity
The quality of the teleported state will be measured in terms of
fidelity. The fidelity of the two states is given by [19]

2
F(pin’pout):{Tr[ \/Epout\/a:l} > (15)

where pj;, is the input state of the channel and p,, is the
output state of the channel.

We have presented the plots of the fidelity as a function of
time and ¢ in figure 3 and also, as function time and € in

Figure 4. (color online) Fidelity of system versus ¢—6 with

y=002,Q=1,J,=1,J,=2,J,=3,and p=0.
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Figure 5. Fidelity versus time with y=0.02, Q=1, J, =1,

Jy:2,(p:0,and 0=0.

figure 4. According to the plots in figure 3, we note that the
fidelity is independent of ¢. Also, figure 4 shows that the
fidelity becomes maximum at =0, =7 and minimum at
0 =7x/2. Moreover, the fidelity shows the oscillatory

behavior. It is observed that the fidelity is optimum for the
input state with the values =0 or 0= . Therefore, we use
this optimal input state in the next plots.

To see the role of the spin coupling constant, we have
depicted the fidelity as function of time for three values of
J;(i=x,y,z) in figures 5, 6, and 7. This implies that the
fidelity is increased by increasing one of the spin coupling
constants. This is because by increasing the spin coupling
constant, the entanglement of the channel is increased too,
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Figure 6. Fidelity versus time with ¥ =0.02, Q=1, J, =2, J,=1,90=0,and 0=0.
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Figure 7. Fidelity versus time with ¥ =0.02, Q =1, Jy =2,J,=1,9=0,and 6=0.

optimizing the entanglement teleportation.

6. Conclusions

We have studied the dynamics of entanglement and the fidelity
of the teleportation in a two-qubit state under XYZ Heisenberg
interaction coupled to a cavity in the Jaynes-Cummings model
under intrinsic decoherence. A summary of the important
results is as follows:
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